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ABSTRACT

In these lectures we give a discussion of the structure of the electroweak Standard Model
and its quantum corrections for tests of the electroweak theory. The predictions for the
vector boson masses, neutrino scattering cross sections and the Z resonance observables
are presented in some detail. We show comparisons with the recent experimental data and
their implications for the present status of the Standard Model. Finally we address the
question how virtual New Physics can influence the predictions for the precision observables
and discuss the minimal supersymmetric standard model as a special example of particular
theoretical interest.

1 Introduction
The present theory of the electroweak interaction, known as the “Standard Model” [1-4], is a gauge invariant quantum
field theory with the symmetry group SU(2)×U(1) spontaneously broken by the Higgs mechanism. It contains three
free parameters to describe the gauge bosons γ,W±, Z and their interactions with the fermions. For a comparison
between theory and experiment three independent experimental input data are required. The most natural choice is
given by the electromagnetic fine structure constant α, the muon decay constant (Fermi constant) Gµ, and the mass
of the Z boson which has meanwhile been measured with high accuracy. Other measurable quantities are predicted
in terms of the input data. Each additional precision experiment which allows the detection of small deviations from
the lowest order predictions can be considered a test of the electroweak theory at the quantum level. In the Feynman
graph expansion of the scattering amplitude for a given process the higher order terms show up as diagrams containing
closed loops. The lowest order amplitudes could also be derived from a corresponding classical field theory whereas
the loop contributions can only be obtained from the quantized version. The renormalizability of the Standard Model
[5] ensures that it retains its predictive power also in higher orders. The higher order terms, commonly called radiative
corrections, are the quantum effects of the electroweak theory. They are complicated in their concrete form, but they
are finally the consequence of the basic Lagrangian with a simple structure. The quantum corrections contain the
self-coupling of the vector bosons as well as their interactions with the Higgs field and the top quark, and provide the
theoretical basis for electroweak precision tests. Assuming the validity of the Standard model, the presence of the top
quark and the Higgs boson in the loop contributions to electroweak observables allows to obtain significant bounds on
their masses from precision measurements of these observables.

The present generation of high precision experiments hence imposes stringent tests on the Standard Model.
Besides the impressive achievements in the determination of the Z boson parameters [6] and the W mass [7], the most
important step has been the discovery of the top quark at the Tevatron [8] with the mass determination mt = 180±12
GeV, which coincides perfectly with the indirectly obtained mass range via the radiative corrections.

The high experimental sensitivity in the electroweak observables, at the level of the quantum effects, requires the
highest standards on the theoretical side as well. A sizeable amount of work has contributed over the last few years to
a steadily rising improvement of the standard model predictions pinning down the theoretical uncertainties to a level
sufficiently small for the current interpretation of the precision data, but still sizeable enough to provoke conflict with
a further increase in the experimental accuracy.

The lack of direct signals from “New Physics” makes the high precision experiments also a unique tool in the
search for indirect effects: through definite deviations of the experimental results from the theoretical predictions of
the minimal Standard Model. Since such deviations are expected to be small, of the typical size of the Standard Model
radiative corrections, it is inevitable to have the the standard loop effects in the precision observables under control.
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In these lectures we give a brief discussion of the structure of the Standard Model and its quantum corrections for
testing the electroweak theory at present and future colliders. The predictions for the vector boson masses, neutrino
scattering cross sections, and the Z resonance observables like the width of the Z resonance, partial widths, effective
neutral current coupling constants and mixing angles at the Z peak, are presented in some detail. We show comparisons
with the recent experimental data and their implications for the present status of the Standard Model. Finally we
address the question how virtual New Physics can influence the predictions for the precision observables and discuss
the minimal supersymmetric standard model as a special example of particular theoretical interest.

2 The electroweak Standard Model

2.1 The Standard Model Lagrangian
The phenomenological basis for the formulation of the Standard Model is given by the following empirical facts:

• The SU(2)×U(1) family structure of the fermions:
The fermions appear as families with left-handed doublets and right-handed singlets:
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They can be characterized by the quantum numbers of the weak isospin I, I3, and the weak hypercharge Y .

• The Gell-Mann-Nishijima relation:
Between the quantum numbers classifying the fermions with respect to the group SU(2)×U(1) and their electric
charges Q the relation

Q = I3 +
Y

2
(1)

is valid.

• The existence of vector bosons:
There are 4 vector bosons as carriers of the electroweak force

γ, W+, W−, Z

where the photon is massless and the W±, Z have masses MW 6= 0, MZ 6= 0.

This empirical structure can be embedded in a gauge invariant field theory of the unified electromagnetic and weak
interactions by interpreting SU(2)×U(1) as the group of gauge transformations under which the Lagrangian is invariant.
This full symmetry has to be broken by the Higgs mechanism down to the electromagnetic gauge symmetry; otherwise
the W±, Z bosons would also be massless. The minimal formulation, the Standard Model, requires a single scalar
field (Higgs field) which is a doublet under SU(2).

According to the general principles of constructing a gauge invariant field theory with spontaneous symmetry
breaking, the gauge, Higgs, and fermion parts of the electroweak Lagrangian

Lcl = LG + LH + LF (2)

are specified in the following way:

Gauge fields

SU(2)×U(1) is a non-Abelian group which is generated by the isospin operators I1, I2, I3 and the hypercharge Y (the
elements of the corresponding Lie algebra). Each of these generalized charges is associated with a vector field: a triplet
of vector fields W 1,2,3

µ with I1,2,3 and a singlet field Bµ with Y . The isotriplet W a
µ , a = 1, 2, 3, and the isosinglet Bµ

lead to the field strength tensors
W a
µν = ∂µW

a
ν − ∂νW

a
µ + g2 ǫabcW

b
µW

c
ν ,

Bµν = ∂µBν − ∂νBµ. (3)



g2 denotes the non-Abelian SU(2) gauge coupling constant and g1 the Abelian U(1) coupling. From the field tensors
(3) the pure gauge field Lagrangian

LG = −1

4
W a
µνW

µν,a − 1

4
BµνB

µν (4)

is formed according to the rules for the non-Abelian case.

Fermion fields and fermion-gauge interaction

The left-handed fermion fields of each lepton and quark family (colour index is suppressed)

ψLj =

(

ψLj+
ψLj−

)

with family index j are grouped into SU(2) doublets with component index σ = ±, and the right-handed fields into
singlets

ψRj = ψRjσ.

Each left- and right-handed multiplet is an eigenstate of the weak hypercharge Y such that the relation (1) is fulfilled.
The covariant derivative

Dµ = ∂µ − i g2 IaW
a
µ + i g1

Y

2
Bµ (5)

induces the fermion-gauge field interaction via the minimal substitution rule:

LF =
∑

j

ψ̄Lj iγ
µDµψ

L
j +

∑

j,σ

ψ̄Rjσiγ
µDµψ

R
jσ (6)

Higgs field, Higgs - gauge field and Yukawa interaction

For spontaneous breaking of the SU(2)×U(1) symmetry leaving the electromagnetic gauge subgroup U(1)em unbroken,
a single complex scalar doublet field with hypercharge Y = 1

Φ(x) =

(

φ+(x)
φ0(x)

)

(7)

is coupled to the gauge fields
LH = (DµΦ)+(DµΦ) − V (Φ) (8)

with the covariant derivative
Dµ = ∂µ − i g2 IaW

a
µ + i

g1
2
Bµ .

The Higgs field self-interaction

V (Φ) = −µ2 Φ+Φ +
λ

4
(Φ+Φ)2 (9)

is constructed in such a way that it has a non-vanishing vacuum expectation value v, related to the coefficients of the
potential V by

v =
2µ√
λ
. (10)

The field (7) can be written in the following way:

Φ(x) =

(

φ+(x)

(v +H(x) + iχ(x))/
√

2

)

(11)

where the components φ+, H , χ now have vacuum expectation values zero. Exploiting the invariance of the Lagrangian
one notices that the components φ+, χ can be gauged away which means that they are unphysical (Higgs ghosts or
would-be Goldstone bosons). In this particular gauge, the unitary gauge, the Higgs field has the simple form

Φ(x) =
1√
2

(

0
v +H(x)

)

.

The real part of φ0, H(x), describes physical neutral scalar particles with mass

MH = µ
√

2. (12)



The Higgs field components have triple and quartic self couplings following from V , and couplings to the gauge fields
via the kinetic term of Eq. (8).

In addition, Yukawa couplings to fermions are introduced in order to make the charged fermions massive. The
Yukawa term is conveniently expressed in the doublet field components (7). We write it down for one family of leptons
and quarks:

LYukawa = −gl (νL φ+ lR + lR φ
− νL + lL φ

0 lR + lR φ
0∗ lL)

= − gd (uL φ
+ dR + dR φ

− uL + dL φ
0 dR + dR φ

0∗ dL)

− gu (−uR φ+ dL − dL φ
− uR + uR φ

0 uL + uL φ
0∗ uR) . (13)

φ− denotes the adjoint of φ+.

By v 6= 0 fermion mass terms are induced. The Yukawa coupling constants gl,d,u are related to the masses of the
charged fermions by Eq. (23). In the unitary gauge the Yukawa Lagrangian is particularly simple:

LYukawa = −
∑

f

mf ψ̄fψf −
∑

f

mf

v
ψ̄fψf H . (14)

As a remnant of this mechanism for generating fermion masses in a gauge invariant way, Yukawa interactions between
the massive fermions and the physical Higgs field occur with coupling constants proportional to the fermion masses.

Physical fields and parameters

The gauge invariant Higgs-gauge field interaction in the kinetic part of Eq. (8) gives rise to mass terms for the vector
bosons in the non-diagonal form

1

2

(g2
2
v
)2

(W 2
1 +W 2

2 ) +
v2

4

(

W 3
µ , Bµ

)

(

g2
2 g1g2

g1g2 g2
1

)(

W 3
µ

Bµ

)

. (15)

The physical content becomes transparent by performing a transformation from the fields W a
µ , Bµ (in terms of which

the symmetry is manifest) to the “physical” fields

W±
µ =

1√
2

(W 1
µ ± iW 2

µ) (16)

and

Zµ = + cos θW W 3
µ + sin θW Bµ (17)

Aµ = − sin θW W 3
µ + cos θW Bµ

In these fields the mass term (15) is diagonal and has the form

M2
W W+

µ W
−µ +

1

2
(Aµ, Zµ)

(

0 0
0 M2

Z

)(

Aµ

Zµ

)

(18)

with

MW =
1

2
g2v (19)

MZ =
1

2

√

g2
1 + g2

2 v

The mixing angle in the rotation (17) is given by

cos θW =
g2

√

g2
1 + g2

2

=
MW

MZ
. (20)

Identifying Aµ with the photon field which couples via the electric charge e =
√

4πα to the electron, e can be expressed
in terms of the gauge couplings in the following way

e =
g1g2

√

g2
1 + g2

2

(21)



or
g2 =

e

sin θW
, g1 =

e

cos θW
. (22)

Finally, from the Yukawa coupling terms in Eq. (13) the fermion masses are obtained:

mf = gf
v√
2

=
√

2
gf
g2
MW . (23)

The relations above allow one to replace the original set of parameters

g2, g1, λ, µ
2, gf (24)

by the equivalent set of more physical parameters

e, MW , MZ , MH , mf (25)

where each of them can (in principle) directly be measured in a suitable experiment.

An additional very precisely measured parameter is the Fermi constant Gµ which is the effective 4-fermion
coupling constant in the the Fermi model, measured by the muon lifetime:

Gµ = 1.16639(2) · 10−5 GeV−2

Consistency of the Standard Model at q2 ≪M2
W with the Fermi model requires the identification (see section 5)

Gµ√
2

=
e2

8 sin2 θWM2
W

, (26)

which allows us to relate the vector boson masses to the parameters α, Gµ, and sin2 θW as follows:

M2
W =

πα√
2Gµ

· 1

sin2 θW

M2
Z =

πα√
2Gµ

· 1

sin2 θW cos2 θW
(27)

and thus to establish also the MW −MZ interdependence:

M2
W

(

1 − M2
W

M2
Z

)

=
πα√
2Gµ

. (28)

2.2 Gauge fixing and ghost fields
Since the S matrix element for any physical process is a gauge invariant quantity it is possible to work in the unitary
gauge with no unphysical particles in internal lines. For a systematic treatment of the quantization of Lcl and for
higher order calculations, however, one better refers to a renormalizable gauge. This can be done by adding to Lcl a
gauge fixing Lagrangian, for example

Lfix = −1

2

(

F 2
γ + F 2

Z + 2F+F−

)

(29)

with linear gauge fixings of the ’t Hooft type:

F± =
1

√

ξW

(

∂µW±
µ ∓ iMW ξ

Wφ±
)

FZ =
1

√

ξZ

(

∂µZµ −MZξ
Zχ
)

Fγ =
1√
ξγ
∂µAµ (30)

with arbitrary parameters ξW,Z,γ . In this class of ’t Hooft gauges, the vector boson propagators have the form

i

k2 −M2
V

(

−gµν +
(1 − ξV )kµkν

k2 − ξVM2
V

)



=
i

k2 −M2
V

(

−gµν +
kµkν

k2

)

+
iξV

k2 − ξVM2
V

kµkν

k2
, (31)

the propagators for the unphysical Higgs fields are given by

i

k2 − ξWM2
W

for φ± (32)

i

k2 − ξZM2
Z

for χ0 , (33)

and Higgs-vector boson transitions do not occur.

For completion of the renormalizable Lagrangian the Faddeev-Popov ghost term Lgh has to be added [9] in order to
balance the undesired effects in the unphysical components introduced by Lfix :

L = Lcl + Lfix + Lgh (34)

where

Lgh = ūα(x)
δFα

δθβ(x)
uβ(x) (35)

with ghost fields uγ , uZ , u±, and δFα

δθβ being the change of the gauge fixing operators (30) under infinitesimal gauge
transformations characterized by θα(x) = {θa(x), θY (x)}.

In the ’t Hooft-Feynman gauge (ξ = 1) the vector boson propagators (31) become particularly simple: the
transverse and longitudinal components, as well as the propagators for the unphysical Higgs fields φ±, χ and the ghost
fields u±, uZ have poles which coincide with the masses of the corresponding physical particles W± and Z.

2.3 Feynman rules
Expressed in terms of the physical parameters we can write down the Lagrangian

L(Aµ,W
±
µ , Zµ, H, φ

±, χ, u±, uZ , uγ ; MW ,MZ , e, . . .)

in a way which allows us to read off the propagators and the vertices most directly. We specify them in the Rξ=1

gauge where the vector boson propagators have the simple algebraic form ∼ gµν .

LG + LH =

1

2
Aµ2Aµ ↔ −i gµν

q2

+W−
µ (2 +M2

W )W+µ ↔ −i gµν
q2 −M2

W

+
1

2
Zµ (2 +M2

Z)Zµ ↔ −i gµν
q2 −M2

Z

+
1

2
H (2 +M2

H)H ↔ i

q2 −M2
H

+ interaction terms

V V, V H, HH

+ (unphysical degrees of freedom)

LF + LYukawa =



∑

f

f̄ (i∂ −mf ) f ↔ i

q6 −mf

+ JµemAµ ↔ −i eQfγµ

+ JµNC Zµ ↔ i
e

2 sin θW cos θW
γµ(vf − afγ5)

+ JµCCWµ ↔ i
e

2
√

2 sin θW
γµ(1 − γ5)Vjk

− gf√
2
f̄ f H ↔ −i gf√

2
= i

e

2 sin θW

mf

MW

+ (unphysical degrees of freedom) (36)

These Feynman rules provide the ingredients to calculate the lowest order amplitudes for fermionic processes. For the
complete list of all interaction vertices we refer to the literature [10].

In order to describe scattering processes between light fermions in lowest order we can, in most cases, neglect
the exchange of Higgs bosons because of their small Yukawa couplings to the known fermions. The standard processes
accessible by the experimental facilities are basically 4-fermion processes. These are mediated by the gauge bosons
and, sufficient in lowest order, defined by the vertices for the fermions interacting with the vector bosons. They are
given in the Lagrangian above for the electromagnetic, neutral and charged current interactions. The neutral current
coupling constants in (36) read

vf = If3 − 2Qf sin2 θW

af = If3 . (37)

Qf and If3 denote the charge and the third isospin component of fL.

The quantities Vjk in the charged current vertex are the elements of the unitary 3×3 matrix

UKM =





Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb



 (38)

which describes family mixing in the quark sector [3]. Its origin is the diagonalization of the quark mass matrices from
the Yukawa coupling which appears since quarks of the same charge have different masses. For massless neutrinos no
mixing in the leptonic sector is present. Due to the unitarity of UKM the mixing is absent in the neutral current.

For a proper treatment of the charged current vertex at the one-loop level, the matrix UKM has to be renormalized
as well. As it was shown in [11], where the renormalization procedure was extended to UKM , the resulting effects are
completely negligible for the known light fermions. We therefore skip the renormalization of UKM in our discussion of
radiative corrections.

3 Renormalization

3.1 General remarks
The tree level Lagrangian (2) of the minimal SU(2)×U(1) model involves a certain number of free parameters which
are not fixed by the theory. The definition of these parameters and their relation to measurable quantities is the
content of a renormalization scheme. The parameters (or appropriate combinations) can be determined from specific
experiments with help of the theoretical results for cross sections and lifetimes. After this procedure of defining the
physical input, other observables can be predicted allowing verification or falsification of the theory by comparison
with the corresponding experimental results.



In higher order perturbation theory the relations between the formal parameters and measureable quantities are
different from the tree level relations in general. Moreover, the procedure is obscured by the appearence of divergences
from the loop integrations. For a mathematically consistent treatment one has to regularize the theory, e.g. by
dimensional regularization (performing the calculations in D dimensions). But then the relations between physical
quantities and the parameters become cutoff dependent. Hence, the parameters of the basic Lagrangian, the “bare”
parameters, have no physical meaning. On the other hand, relations between measureable physical quantities, where
the parameters drop out, are finite and independent of the cutoff. It is therefore in principle possible to perform tests
of the theory in terms of such relations by eliminating the bare parameters [12, 13].

Alternatively, one may replace the bare parameters by renormalized ones by multiplicative renormalization for
each bare parameter g0

g0 = Zg g = g + δg (39)

with renormalization constants Zg different from 1 by a 1-loop term. The renormalized parameters g are finite and
fixed by a set of renormalization conditions. The decomposition (39) is to a large extent arbitrary. Only the divergent
parts are determined directly by the structure of the divergences of the one-loop amplitudes. The finite parts depend
on the choice of the explicit renormalization conditions.

This procedure of parameter renormalization is sufficient to obtain finite S-matrix elements when wave func-
tion renormalization for external on-shell particles is included. Off-shell Green functions, however, are not finite by
themselves. In order obtain finite propagators and vertices, also the bare fields in L have to be redefined in terms of
renormalized fields by multiplicative renormalization

φ0 = Z
1/2
φ φ . (40)

Expanding the renormalization constants according to

Zi = 1 + δZi

the Lagrangian is split into a “renormalized” Lagrangian and a counter term Lagrangian

L(φ0, g0) = L(Z
1/2
φ φ,Zgg) = L(φ, g) + δL(φ, g, δZφ, δg) (41)

which renders the results for all Green functions in a given order finite.

The simplest way to obtain a set of finite Green functions is the “minimal subtraction scheme” [14] where (in
dimensional regularization) the singular part of each divergent diagram is subtracted and the parameters are defined
at an arbitrary mass scale µ. This scheme, with slight modifications, has been applied in QCD where due to the
confinement of quarks and gluons there is no distinguished mass scale in the renormalization procedure.

The situation is different in QED and in the electroweak theory. There the classical Thomson scattering and
the particle masses set natural scales where the parameters can be defined. In QED the favoured renormalization
scheme is the on-shell scheme where e =

√
4πα and the electron, muon, . . .masses are used as input parameters. The

finite parts of the counter terms are fixed by the renormalization conditions that the fermion propagators have poles
at their physical masses, and e becomes the eeγ coupling constant in the Thomson limit of Compton scattering. The
extraordinary meaning of the Thomson limit for the definition of the renormalized coupling constant is elucidated by
the theorem that the exact Compton cross section at low energies becomes equal to the classical Thomson cross section.
In particular this means that e resp. α is free of infrared corrections, and that its numerical value is independent of
the order of perturbation theory, only determined by the accuracy of the experiment.

This feature of e is preserved in the electroweak theory. In the electroweak Standard Model a distinguished set
for parameter renormalization is given in terms of e,MZ ,MW ,MH ,mf with the masses of the corresponding particles.
This electroweak on-shell scheme is the straight-forward extension of the familiar QED renormalization, first proposed
by Ross and Taylor [15] and used in many practical applications [10, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. For stable
particles, the masses are well defined quantities and can be measured with high accuracy. The masses of the W and Z
bosons are related to the resonance peaks in cross sections where they are produced and hence can also be accurately
determined. The mass of the Higgs boson, as long as it is experimentally unknown, is treated as a free input parameter.
The light quark masses can only be considered as effective parameters. In the cases of practical interest they can be
replaced in terms of directly measured quantities like the cross section for e+e− → hadrons.

The electroweak mixing angle is related to the vector boson masses in general by

sin2 θW = 1 − M2
W

ρ0M2
Z

(42)



where ρ0 6= 1 at the tree level in case of a Higgs system more complicated than with doublets only. We want to restrict
our discussion of radiative corrections primarily to the minimal model with ρ0 = 1. For ρ 6= 1 see section 9.2.

Instead of the set e, MW , MZ as basic free parameters one may alternatively use as basic parameters α, Gµ, MZ [26] or
α, Gµ, sin2 θW with the mixing angle deduced from neutrino-electron scattering [27] or perform the loop calculations
in the MS scheme [28, 29, 30, 31]. The so-called ∗-scheme [32, 33] is a different way of book-keeping in terms of
effective running couplings. Here we follow the line of the on-shell scheme as specified in detail in [10, 24], but skip
field renormalization.

3.2 Mass renormalization
We have now to discuss the 1-loop contributions to the on-shell parameters and their renormalization. Since the boson
masses are part of the propagators we have to investigate the effects of the W and Z self-energies.

We restrict our discussion to the transverse parts ∼ gµν . In the electroweak theory, differently from QED, the
longitudinal components ∼ qµqν of the vector boson propagators do not give zero results in physical matrix elements.
But for light external fermions the contributions are suppressed by (mf/MZ)2 and we are allowed to neglect them.
Writing the self-energies as

ΣW,Zµν = gµνΣ
W,Z + · · · (43)

with scalar functions ΣW,Z(q2) we have for the 1-loop propagators (V = W,Z)

−igµσ
q2 −M2

V

(

−iΣVρσ
) −igρν
q2 −M2

V

=
−igµν
q2 −M2

V

(−ΣV (q2)

q2 −M2
V

)

(44)

(the factor −i in the self energy insertion is a convention). Besides the fermion loop contributions in the electroweak
theory there are also the non-Abelian gauge boson loops and loops involving the Higgs boson. The Higgs boson and the
top quark thus enter the 4-fermion amplitudes as experimentally unknown objects at the level of radiative corrections
and have to be treated as additional free parameters. In the graphical representation, the self-energies for the vector
bosons denote the sum of all the diagrams with virtual fermions, vector bosons, Higgs and ghost loops.

Resumming all self energy-insertions yields a geometrical series for the dressed propagators:

−igµν
q2 −M2

V

[

1 +

( −ΣV

q2 −M2
V

)

+

( −ΣV

q2 −M2
V

)2

+ · · ·
]

=
−igµν

q2 −M2
V + ΣV (q2)

. (45)

The self-energies have the following properties:

• ImΣV (M2
V ) 6= 0 for both W and Z. This is because W and Z are unstable particels and can decay into pairs of

light fermions. The imaginary parts correspond to the total decay widths of W, Z and remove the poles from the
real axis.

• ReΣV (M2
V ) 6= 0 for both W and Z and they are UV divergent.

The second feature tells us that the locations of the poles in the propagators are shifted by the loop contributions.
Consequently, the principal step in mass renormalization consists in a re-interpretation of the parameters: the masses
in the Lagrangian cannot be the physical masses of W and Z but are the “bare masses” related to the physical masses
MW , MZ by

M0 2
W = M2

W + δM2
W (46)

M0 2
Z = M2

Z + δM2
Z

with counterterms of 1-loop order. The “correct” propagators according to this prescription are given by

−igµν
q2 −M0 2

V + ΣV (q2)
=

−igµν
q2 −M2

V − δM2
V + ΣV (q2)

. (47)



instead of Eq. (45). The renormalization conditions which ensure that MW,Z are the physical masses fix the mass
counterterms to be

δM2
W = Re ΣW (M2

W ) (48)

δM2
Z = Re ΣZ(M2

Z) .

In this way, two of our input parameters and their counterterms have been defined.

3.3 Charge renormalization
Our third input parameter is the electromagnetic charge e. The electroweak charge renormalization is very similar to
that in pure QED. As in QED, we want to maintain the definition of e as the classical charge in the Thomson cross
section

σTh =
e4

6πm2
e

.

Accordingly, the Lagrangian carries the bare charge e0 = e + δe with the charge counter term δe of 1-loop order.
The charge counter term δe has to absorb the electroweak loop contributions to the eeγ vertex in the Thomson limit.
This charge renormalization condition is simplified by the validity of a generalization of the QED Ward identity [34]
which implies that those corrections related to the external particles cancel each other. Thus for δe only two universal
contributions are left:

δe

e
=

1

2
Πγ(0) − sW

cW

ΣγZ(0)

M2
Z

. (49)

The first one, quite in analogy to QED, is given by the vacuum polarization of the photon. But now, besides the fermion
loops, it contains also bosonic loop diagrams from W+W− virtual states and the corresponding ghosts. The second
term contains the mixing between photon and Z, in general described as a mixing propagator with ΣγZ normalized as

∆γZ =
−igµν
q2

(−ΣγZ(q2)

q2 −M2
Z

)

.

The fermion loop contributions to ΣγZ vanish at q2 = 0; only the non-Abelian bosonic loops yield ΣγZ(0) 6= 0.

To be more precise, the charge renormalization as discussed above, is a condition only for the vector coupling
constant of the photon. The axial coupling vanishes for on-shell photons as a consequence of the Ward identity.

From the diagonal photon self-energy
Σγ(q2) = q2 Πγ(q2)

no mass term arises for the photon since, besides the fermion loops, also the bosonic loops behave like

Σγbos(q
2) ≃ q2 Πγ

bos(0) → 0

for q2 → 0 leaving the pole at q2 = 0 in the propagator. The absence of mass terms for the photon in all orders is a
consequence of the unbroken electromagnetic gauge invariance.

Concluding this discussion we summarize the principal structure of electroweak calculations:

• The classical Lagrangian L(e,MW ,MZ , . . .) is sufficent for lowest order calculations and the parameters can be
identified with the physical parameters.

• For higher order calculations, L has to be considered as the “bare” Lagrangian of the theory L(e0,M
0
W ,M

0
Z , . . .)

with “bare” parameters which are related to the physical ones by

e0 = e+ δe, M0 2
W = M2

W + δM2
W , M0 2

Z = M2
Z + δM2

Z .

The counter terms are fixed in terms of a certain subset of 1-loop diagrams by specifying the definition of the
physical parameters.

• For any 4-fermion process we can write down the 1-loop matrix element with the bare parameters and the loop
diagrams for this process. Together with the counter terms the matrix element is finite when expressed in terms
of the physical parameters, i.e. all UV singularities are removed.



4 One-loop calculations
In this section we provide technical details for the calculation of radiative corrections for electroweak precision observ-
ables. The methods used are essentially based on the work of [16] and [35].

4.1 Dimensional regularization
The diagrams with closed loops occuring in higher order perturbation theory involve integrals over the loop momentum.
These integrals are in general divergent for large integration momenta (UV divergence). For this reason we need a
regularization, which is a procedure to redefine the integrals in such a way that they become finite and mathematically
well-defined objects. The widely used regularization procedure for gauge theories is that of dimensional regularization
[36], which is Lorentz and gauge invariant: replace the dimension 4 by a lower dimension D where the integrals are
convergent:

∫

d4k

(2π)4
→ µ4−D

∫

dDk

(2π)D
(50)

An (arbitrary) mass parameter µ has been introduced in order to keep the dimensions of the coupling constants in
front of the integrals independent of D. After renormalization the results for physical quantities are finite in the limit
D → 4.

The metric tensor in D dimensions has the property

gµµ = gµνg
νµ = Tr(1) = D . (51)

The Dirac algebra in D dimensions
{γµ, γν} = 2 gµν 1 (52)

has the consequences

γµγ
µ = D 1

γργµγ
ρ = (2 −D) γµ

γργµγνγ
ρ = 4gµν 1 − (4 −D) γµγν

γργµγνγσγ
ρ = −2 γσγνγµ + (4 −D) γµγνγσ (53)

A consistent treatment of γ5 in D dimensions is more subtle [37]. In theories which are anomaly free like the Standard
Model we can use γ5 as anticommuting with γµ:

{γµ, γ5} = 0 . (54)

4.2 One- and two-point integrals
In the calculation of self energy diagrams the following types of one-loop integrals appear:

1-point integral:

µ4−D

∫

dDk

(2π)D
1

k2 −m2
=:

i

16π2
A(m) (55)

2-point integrals:

µ4−D

∫

dDk

(2π)D
1

[k2 −m2
1][(k + q)2 −m2

2]
=:

i

16π2
B0(q

2,m1,m2) (56)

µ4−D

∫

dDk

(2π)D
kµ; kµkν

[k2 −m2
1][(k + q)2 −m2

2]
=:

i

16π2
Bµ;µν(q

2,m1,m2) . (57)

The vector and tensor integrals Bµ, Bµν can be expanded into Lorentz covariants and scalar coefficients:

Bµ = qµB1(q
2,m1,m2)

Bµν = gµνB22(q
2,m1,m2) + qµqνB21(q

2,m1,m2) . (58)



The coefficient functions can be obtained algebraically from the scalar 1- and 2-point integrals A and B0. Contracting
(58) with qµ, gµν and qµqν yields:

∫

kq

[k2 −m2
1][(k + q)2 −m2

2]
=

i

16π2
q2B1

∫

k2

[k2 −m2
1][(k + q)2 −m2

2]
=

i

16π2

(

DB22 + q2B21

)

∫

(kq)2

[k2 −m2
1][(k + q)2 −m2

2]
=

i

16π2

(

q2B22 + q4B21

)

. (59)

Solving these equations and making use of the decompositions

∫

k2

[k2 −m2
1][(k + q)2 −m2

2]
=

∫

1

k2 −m2
2

+m2
1

∫

1

[k2 −m2
1][(k + q)2 −m2

2]
∫

kq

[k2 −m2
1][(k + q)2 −m2

2]
=

1

2

∫

1

k2 −m2
1

− 1

2

∫

1

k2 −m2
2

+
m2

2 −m2
1 − q2

2

∫

1

[k2 −m2
1][(k + q)2 −m2

2]

∫

(kq)2

[k2 −m2
1][(k + q)2 −m2

2]
=

1

2

∫

kq

k2 −m2
1

− 1

2

∫

kq

(k + q)2 −m2
2

+
m2

2 −m2
1 − q2

2

∫

kq

[k2 −m2
1][(k + q)2 −m2

2]

and of the definition (56,57) we obtain:

B1(q
2,m1,m2) =

1

2q2
[

A(m1) −A(m2) + (m2
1 −m2

2 − q2)B0(q
2,m1,m2)

]

B22(q
2,m1,m2) =

1

6

[

A(m2) + 2m2
1B0(q

2,m1,m2)

+(q2 +m2
1 −m2

2)B1(q
2,m1,m2) +m2

1 +m2
2 −

q2

3

]

B21(q
2,m1,m2) =

1

3q2
[

A(m2) −m2
1B0(q

2,m1,m2)

−2(q2 +m2
1 −m2

2)B1(q
2,m1,m2) −

m2
1 +m2

2

2
+
q2

6

]

. (60)

Finally we have to calculate the scalar integrals A and B0. With help of the Feynman parametrization

1

ab
=

∫ 1

0

dx
1

[ax+ b(1 − x)]2

and after a shift in the k-variable, B0 can be written in the form

i

16π2
B0(q

2,m1,m2) =

∫ 1

0

dx
µ4−D

(2π)D

∫

dDk

[k2 − x2q2 + x(q2 +m2
1 −m2

2) −m2
1]

2
. (61)

The advantage of this parametrization is a simpler k-integration where the integrand is only a function of k2 =
(k0)2 − ~k2. In order to transform it into a Euclidean integral we perform the substitution 1

k0 = i k0
E ,

~k = ~kE , dDk = i dDkE
1The iǫ-prescription in the masses ensures that this is compatible with the pole structure of the integrand.



where the new integration momentum kE has a definite metric:

k2 = −k2
E, k2

E = (k0
E)2 + · · · + (kD−1

E )2 .

This leads us to a Euclidean integral over kE :

i

16π2
B0 = i

∫ 1

0

dx
µ4−D

(2π)D

∫

dDkE
(k2
E +Q)2

(62)

where
Q = x2q2 − x(q2 +m2

1 −m2
2) +m2

1 − iε (63)

is a constant with respect to the kE-integration.

Also the 1-point integral A in (55) can be transformed into a Euclidean integral:

i

16π2
A(m) = −i µ

4−D

(2π)D

∫

dDkE
k2
E +m2

. (64)

Both kE- integrals are of the general type
∫

dDkE
(k2
E + L)n

of rotational invariant integrals in a D-dimensional Euclidean space. They can be evaluated in D-dimensional polar
coordinates (k2

E = R)
∫

dDkE
(k2
E + L)n

=
1

2

∫

dΩD

∫ ∞

0

dRR
D
2
−1 1

(R+ L)n
,

yielding
µ4−D

(2π)D

∫

dDkE
(k2
E + L)n

=
µ4−D

(4π)D/2
· Γ(n− D

2 )

Γ(n)
· L−n+ D

2 . (65)

The singularities of our initially 4-dimensional integrals are now recovered as poles of the Γ-function for D = 4 and
values n ≤ 2.

Although the l.h.s. of Eq. (65) as a D-dimensional integral is sensible only for integer values of D, the r.h.s. has
an analytic continuation in the variable D: it is well defined for all complex values D with n− D

2 6= 0,−1,−2, . . ., in
particular for

D = 4 − ǫ with ǫ > 0 .

For physical reasons we are interested in the vicinity of D = 4. Hence we consider the limiting case ǫ→ 0 and perform
an expansion around D = 4 in powers of ǫ. For this task we need the following properties of the Γ-function at x→ 0:

Γ(x) =
1

x
− γ + O(x) ,

Γ(−1 + x) = − 1

x
+ γ − 1 + O(x) (66)

with
γ = −Γ′(1) = 0.577 . . .

known as Euler’s constant.

n = 1:

Combining (64) and (65) we obtain the scalar 1-point integral for D = 4 − ǫ:

A(m) = − µǫ

(4π)−ǫ/2
· Γ(−1 + ǫ

2 )

Γ(1)
·
(

m2
)1−ǫ/2

= m2

(

2

ǫ
− γ + log 4π − log

m2

µ2
+ 1

)

+ O(ǫ)

≡ m2

(

∆ − log
m2

µ2
+ 1

)

+ O(ǫ) (67)



Here we have introduced the abbreviation for the singular part

∆ =
2

ǫ
− γ + log 4π . (68)

n = 2 :

For the scalar 2-point integral B0 we evaluate the integrand of the x-integration in Eq. (62) with help of Eq. (65) as
follows:

µǫ

(4π)2−ǫ/2
· Γ( ǫ2 )

Γ(2)
·Q−ǫ/2 =

1

16π2

(

2

ǫ
− γ + log 4π − log

Q

µ2

)

+ O(ǫ)

=
1

16π2

(

∆ − log
Q

µ2

)

+ O(ǫ) . (69)

Since the O(ǫ) terms vanish in the limit ǫ→ 0 we skip them in the following formulae. Insertion into Eq. (62) with Q
from Eq. (63) yields:

B0(q
2,m1,m2) = ∆ −

∫ 1

0

dx log
x2q2 − x(q2 +m2

1 −m2
2) +m2

1 − iε

µ2
(70)

The explicit analytic formula can be found in [10].

For the calculation of one-loop amplitudes also 3- and 4-point functions have to be included. In low energy
processes, like muon decay or neutrino scattering, where the external momenta can be neglected in view of the internal
gauge boson masses, the 3-point and 4-point integrals can immediately be reduced to 2-point integrals. The analytic
results for the γ, Zff vertices can be found in the literature [24]. Massive box diagrams are negligible around the Z
resonance.

4.3 Vector boson self energies
The diagrams contributing to the self energies of the photon, W, Z and the photon-Z transition contain fermion,
vector boson, Higgs and ghost loops. Here we consider the fermion loops in more detail, since they yield the biggest
contributions.
Photon self energy:

We give the expression for a single fermion with charge Qf and mass m. The total contribution is obtained by
summing over all fermions. Evaluating the fermion loop diagram we obtain in the notation of section 4.2:

Σγ(k2) =
α

π
Q2
f {−A(m) +

k2

2
B0(k

2,m,m) + 2B22(k
2,m,m)}

=
α

3π
Q2
f

{

k2

(

∆ − log
m2

µ2

)

+ (k2 + 2m2) B̄0(k
2,m,m) − k2

3

}

. (71)

B̄0 denotes the finite function

B̄0(k
2,m,m) = −

∫ 1

0

dx log

(

x2k2 − xk2 +m2

m2
− iε

)

(72)

in the decomposition

B0(k
2,m,m) = ∆ − log

m2

µ2
+ B̄0(k

2,m,m) . (73)

The dimensionless quantity

Πγ(k2) =
Σγ(k2)

k2
(74)

is usually denoted as the photon “vacuum polarization”. We list two simple expressions arising from Eq. (71) for
special situations of practical interest:



• light fermions (| k2 |≫ m2):

Πγ(k2) =
α

3π
Q2
f

(

∆ − log
m2

µ2
+

5

3
− log

| k2 |
m2

+ iπ θ(k2)

)

(75)

• heavy fermions (| k2 |≪ m2):

Πγ(k2) =
α

3π
Q2
f

(

∆ − log
m2

µ2
+

k2

5m2

)

(76)

Photon - Z mixing:

Each charged fermion yields a contribution

ΣγZ(k2) = − α

3π

vfQf
2sW cW

{

k2

(

∆ − log
m2

µ2

)

+ (k2 + 2m2) B̄0(k
2,m,m) − k2

3

}

.

(77)

As in the photon case, the fermion loop contribution vanishes for k2 = 0.

Z and W self energies:

We give the formulae for a single doublet, leptons or quarks, with m±, Q±, v±, a± denoting mass, charge, vector and
axial vector coupling of the up(+) and the down(-) member. At the end, we have to perform the sum over the various
doublets, including color summation.

ΣZ(k2) =
α

π

∑

f=+,−

{
v2
f + a2

f

4s2W c
2
W

[

2B22(k
2,mf ,mf ) +

k2

2
B0(k

2,mf ,mf ) −A(mf )

]

−
m2
f

8s2W c
2
W

B0(k
2,m2

f ,m
2
f ) }

ΣW (k2) =
α

π
· 1

4s2W
{ 2B22(k

2,m+,m−) − A(m+) +A(m−)

2

+
k2 −m2

+ −m2
−

2
B0(k

2,m+,m−) } (78)

Again, the following two cases are of particular practical interest:

• Light fermions:

In the light fermion limit k2 ≫ m2
± theZ and W self-energies simplify considerably:

ΣZ(k2) =
α

3π
· v

2
+ + a2

+ + v2
− + a2

−

4s2W c
2
W

k2

(

∆ − log
k2

µ2
+ iπ

)

,

ΣW (k2) =
α

3π
· k2

4s2W

(

∆ − log
k2

µ2
+ iπ

)

. (79)

• Heavy fermions:

Of special interest is the case of a heavy top quark which yields a large correction ∼ m2
t . In order to extract this part

we keep for simplicity only those terms which are either singular or quadratic in the top mass mt ≡ m+ (NC = 3):

ΣZ(k2) = NC
α

3π

{

v2
+ + a2

+ + v2
− + a2

−

4s2W c
2
W

k2 − 3m2
t

8s2W c
2
W

}(

∆ − log
m2
t

µ2

)

+ · · ·

ΣW (k2) = NC
α

3π

{

k2

4s2W

(

∆ − log
m2
t

µ2

)

− 3m2
t

8s2W

(

∆ − log
m2
t

µ2
+

1

2

)}

+ · · ·

(80)



The quantity [38]

∆ρ =
ΣZ(0)

M2
Z

− ΣW (0)

M2
W

(81)

is finite as far as the leading fermion contribution is considered which yields for the top quark:

∆ρ = NC
α

16πs2W c
2
W

m2
t

M2
Z

. (82)

5 The vector boson masses

5.1 One-loop corrections to the muon lifetime
The interdependence between the gauge boson masses is established through the accurately measured muon lifetime or
the Fermi coupling constant Gµ, respectively. Originally, the µ-lifetime τµ has been calculated within the framework
of the effective 4-point Fermi interaction. If QED corrections are included one obtains the result [39]

1

τµ
=
G2
µm

5
µ

192π3

(

1 − 8m2
e

m2
µ

)[

1 +
α

2π
(
25

4
− π2)

]

. (83)

The leading 2nd order correction is obtained by replacing

α→ α

(

1 +
2α

3π
log

mµ

me

)

.

This formula is used as the defining equation for Gµ in terms of the experimental µ-lifetime. In lowest order, the Fermi
constant is given by the Standard Model expression (26) for the decay amplitude. In 1-loop order, Gµ/

√
2 coincides

with the expression
Gµ√

2
=

e20
8s02
WM0 2

W

[

1 +
ΣW (0)

M2
W

+ (vertex, box)

]

. (84)

This equation contains the bare parameters with the bare mixing angle

s0 2
W = 1 − M0 2

W

M0 2
Z

. (85)

The term (vertex, box) schematically summarizes the vertex corrections and box diagrams in the decay amplitude.
A set of infra-red divergent “QED correction” graphs has been removed from this class of diagrams. These left-out
diagrams, together with the real bremsstrahlung contributions, reproduce the QED correction factor of the Fermi model
result in Eq. (83) and therefore have no influence on the relation between Gµ and the Standard Model parameters.

Next we evaluate Eq. (84) to 1-loop order by expanding the bare parameters

e20 = (e+ δe)2 = e2(1 + 2
δe

e
),

M0 2
W = M2

W (1 +
δM2

W

M2
W

),

s0 2
W = 1 − M2

W + δM2
W

M2
Z + δM2

Z

= s2W + c2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

)

(86)

and keeping only terms of 1-loop order in Eq. (26):

Gµ√
2

=
e2

8s2WM
2
W

·

·
[

1 + 2
δe

e
− c2W
s2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

)

+
ΣW (0) − δM2

W

M2
W

+ (vertex, box)

]

≡ e2

8s2WM
2
W

· [1 + ∆r] (87)

which is the 1-loop corrected version of Eq. (26).



The quantity ∆r(e,MW ,MZ ,MH ,mt) is the finite combination of loop diagrams and counterterms in Eq. (87). Since
we have already determined the counterterms in the previous subsection in terms of the boson self-energies, it is now
only a technical problem to evaluate the 1-loop diagrams for the final explicit expression of ∆r. Here we quote the
result:

(vertex, box) =
α

πs2W

(

∆ − log
M2
W

µ2

)

+
α

4πs2W

(

6 +
7 − 4s2W

2s2W
log c2W

)

. (88)

The singular part of Eq. (88), up to a factor, coincides with the non-Abelian bosonic contribution to the charge
counterterm in Eq. (49):

α

πs2W

(

∆ − log
M2
W

µ2

)

=
2

cW sW

ΣγZ(0)

M2
Z

.

Together with Eq. (49) and (88) we obtain from Eq. (87):

∆r = Πγ(0) − c2W
s2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

)

+
ΣW (0) − δM2

W

M2
W

+2
cW
sW

ΣγZ(0)

M2
Z

+
α

4πs2W

(

6 +
7 − 4s2W

2s2W
log c2W

)

. (89)

The first line is of particular interest: via ΣW (0) and the mass counter terms δM2
W,Z also the experimentally unknown

parameters MH , mt enter ∆r, whereas the residual terms depend only on the vector boson masses. We proceed with
a more explicit discussion of the gauge invariant subset of fermion loop corrections which involves, among others, the
top quark. This subset is also of primordial practical interest since it constitutes the numerically dominating part of
∆r.

5.2 Fermion contributions to ∆r
In the fermionic vacuum polarization of Eq. (89) we split off the subtracted part evaluated at M2

Z :

Πγ(0) = −ReΠγ(M2
Z) + Πγ(0) + Re Πγ(M2

Z)

= −Re Π̂γ(M2
Z) + ReΠγ(M2

Z) . (90)

The subtracted finite quantity Π̂γ(M2
Z) can be split into a leptonic and a hadronic part:

Re Π̂γ(M2
Z) = Re Π̂γ

lept(M
2
Z) + Re Π̂γ

had(M
2
Z) .

Heavy top quarks decouple from the subtracted vacuum polarization:

Π̂γ
top(M

2
Z) =

α

π
Q2
t

M2
Z

5m2
t

. (91)

Whereas the leptonic content can easily be obtained from

Re Π̂γ
lept(M

2
Z) =

∑

l=e,µ,τ

α

3π

(

5

3
− log

M2
Z

m2
l

)

, (92)

no light quark masses are available as reasonable input parameters for the hadronic content. Instead, the 5 flavor
contribution to Π̂γ

had can be derived from experimental data with the help of a dispersion relation

Π̂γ
had(M

2
Z) =

α

3π
M2
Z

∫ ∞

4m2
π

ds′
Rγ(s′)

s′(s′ −M2
Z − iε)

(93)

with

Rγ(s) =
σ(e+e− → γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)

as an experimental quantity up to a scale s1 and applying perturbative QCD for the tail region above s1. Using e+e−

data for the energy range below 40 GeV and perturbative QCD for the high energy tail, the recent updates [40, 41]
yield

Re Π̂γ
had(s0) = −0.0280± 0.0007 (94)



for s0 = M2
Z , and thus confirm the the previous value [42] with an improved accuracy. The error is almost completely

due to the experimental data. Other determinations [43, 44] agree within one standard deviation.
Combining this result with the leptonic part one obtains

Re Π̂γ(M2
Z) = −0.0593± 0.0007 .

Besides Πγ(M2
Z) we need the W and Z self-energies. For simplicity we restrict the further discussion to a single family,

leptons or quarks, with m±, Q±, v±, a± denoting mass, charge, vector and axial vector coupling of the up(+) and
down(-) member. At the end, we perform the sum over the various families. We discuss the light and heavy fermions
separately:

• Light fermions:

In the light fermion limit, i.e. neglecting all terms ∼ m±/MW,Z , the various ingredients of ∆r follow from (79) to be
(in case of quark doublets with an additional factor NC = 3):

ΣW (0)

M2
W

= O

(

m2
±

M2
W

)

≃ 0 ,

δM2
Z

M2
Z

=
α

3π
· v

2
+ + a2

+ + v2
− + a2

−

4s2W c
2
W

(

∆ − log
M2
Z

µ2
+

5

3

)

,

δM2
W

M2
W

=
α

3π
· 1

4s2W

(

∆ − log
M2
Z

µ2
+

5

3

)

− α

16πs2W
log c2W ,

together with

Re Πγ(M2
Z) =

α

3π
(Q2

+ +Q2
−)

(

∆ − log
M2
Z

µ2
+

5

3

)

.

Inserting everything into Eq. (89) yields

∆r = −Re Π̂γ(M2
Z)

+
α

3π

(

∆ − log
M2
Z

µ2
+

5

3

)

·

·
[

Q2
+ +Q2

− − c2W
s2W

(

v2
+ + a2

+ + v2
− + a2

−

4s2W c
2
W

− 1

4s2W

)

− 1

4s4W

]

− α

3π

c2W − s2W
4s2W

log c2W

= −Re Π̂γ(M2
Z) − α

3π

c2W − s2W
4s4W

log c2W (95)

The term in brackets [. . .] is zero with the coupling constants in Eq. (37). Thus, the main effect from the light fermions
comes from the subtracted photon vacuum polarization as the remnant from the renormalization of the electric charge
at q2 = 0. For this reason, after summing over all light fermions, we can write

∆α ≡ −Re Π̂γ(M2
Z) = 0.0593± 0.0007 . (96)

• Heavy fermions:

Of special interest is the case of a heavy top quark which contributes a large correction ∼ m2
t to ∆r. In order to extract

this piece we keep for simplicity only those terms which are either singular or quadratic in the top mass mt ≡ m+

(NC = 3):

Re Πγ(M2
Z) = NC

α

3π
(Q2

+ +Q2
−)

(

∆ − log
m2
t

µ2

)

+ · · ·

δM2
Z

M2
Z

= NC
α

3π

{

v2
+ + a2

+ + v2
− + a2

−

4s2W c
2
W

− 3m2
t

8s2W c
2
WM

2
Z

}(

∆ − log
m2
t

µ2

)

+ · · ·



δM2
W

M2
W

= NC
α

3π

{

1

4s2W

(

∆ − log
m2
t

µ2

)

− 3m2
t

8s2WM
2
W

(

∆ − log
m2
t

µ2
+

1

2

)}

+ · · ·

ΣW (0)

M2
W

= −NC
α

3π
· 3m2

t

8s2WM
2
W

(

∆ − log
m2
t

µ2
+

1

2

)

.

Inserting into Eq. (89) we verify that the singular parts cancel and a finite term ∼ m2
t remains:

(∆r)b,t = −ReΠ̂γ
b (M

2
Z) − c2W

s2W
∆ρ + · · · (97)

with ∆ρ from Eq. (82), since the m2
t -term is q2-independent.

As a result of our discussion, we have got a simple form for ∆r in the leading terms which is valid also after
including the full non-fermionic contributions:

∆r = ∆α − c2W
s2W

∆ρ+ (∆r)remainder . (98)

∆α contains the large logarithmic corrections from the light fermions and ∆ρ the leading quadratic correction from a
large top mass. All other terms are collected in the (∆r)remainder . It should be noted that the remainder also contains
a term logarithmic in the top mass (for which our approximation above was too crude) which is not negligible

(∆r)topremainder = − α

4πs2W

(

c2W
s2W

− 1

3

)

log
mt

MZ
+ · · · (99)

Also the Higgs boson contribution is part of the remainder. For largeMH , it increases only logarithmically (“screening”
of a heavy Higgs [45]):

(∆r)Higgsremainder ≃
α

16πs2W
· 11

3

(

log
M2
H

M2
W

− 5

6

)

. (100)

The typical size of (∆r)remainder is of the order ∼ 0.01.

5.3 Higher order contributions
Since ∆r contains two large entries, ∆α and ∆ρ, a careful investigation of higher order effects is necessary.

(i) Summation of large ∆α terms:

The replacement of the ∆α-part

1 + ∆α → 1

1 − ∆α

of the 1-loop result in Eq. (87) correctly takes into account all orders in the leading logarithmic corrections (∆α)n, as
can be shown by renormalization group arguments [46] The evolution of the electromagnetic coupling with the scale
µ is described by the renormalization group equation

µ
dα

dµ
= − β0

2π
α2 (101)

with the coefficient of the 1-loop β-function in QED

β0 = −4

3

∑

f 6=t

Q2
f . (102)

The solution of the RGE contains the leading logarithms in the resummed form. It corresponds to a resummation of
the iterated 1-loop vacuum polarization to all orders. The non-leading QED-terms of next order are numerically not
significant. Thus, in a situation where large corrections are only due to the evolution of the electromagnetic charge
between two very different scales set by mf and MZ , the resummed form

Gµ =
πα√

2M2
W s

2
W

1

1 − ∆r
=

πα√
2M2

Zc
2
W s

2
W

1

1 − ∆r
(103)

with ∆r in Eq. (98) represents a good approximation to the full result.



(ii) Summation of large ∆ρ terms:

For the heavy top quark also ∆ρ is large and the powers (∆ρ)n are not correctly resummed in Eq. (103). A result
correct in the leading terms up to O(α2) is instead given by the independent resummation [47]

1

1 − ∆r
→ 1

1 − ∆α
· 1

1 +
c2

W

s2
W

∆ρ
+ (∆r)remainder (104)

where

∆ρ = 3xt[1 + xtρ
(2)(

MH

mt
)], xt =

Gµm
2
t

8π2
√

2
(105)

incorporates the result from 2-loop 1-particle irreducible diagrams. For light Higgs bosons MH ≪ mt, where MH can
be neglected, the coefficient

ρ(2) = 19 − 2π2 (106)

was first calculated by Hoogeveen and van der Bij [48]. The general function ρ(2), valid for all Higgs masses, has been
derived in [49]. For large Higgs masses MH > 2mt, a good approximation is given by the asymptotic expression with
r = (mt/MH)2 [49]

ρ(2) =
49

4
+ π2 +

27

2
log r +

3

2
log2 r

+
r

3

(

2 − 12π2 + 12 log r − 27 log2 r
)

+
r2

48

(

1613− 240π2 − 1500 log r − 720 log2 r
)

. (107)

With the resummed ρ-parameter

ρ =
1

1 − ∆ρ
(108)

Eq. (104) is compatible with the following form of the MW −MZ interdependence

Gµ =
π√
2

α(M2
Z)

M2
W

(

1 − M2
W

ρM2
Z

) · [1 + (∆r)remainder ]

with
α(M2

Z) =
α

1 − ∆α
. (109)

It is interesting to compare this result with the corresponding lowest order MW −MZ correlation in a more general
model with a tree level ρ-parameter ρ0 6= 1: the tree-level ρ0 enters in the same way as the ρ from a heavy top in
the minimal model. The same applies for the quadratic mass terms from other particles like scalars or additional
heavy fermions in isodoublets with large mass splittings. Hence, up to the small quantity (∆r)remainder , they are
indistinguishable from an experimental point of view (∆α is universal). In the minimal model, however, ρ is calculable
in terms of mt,MH whereas ρ0 is an additional free parameter.

(iii) QCD corrections:

Virtual gluons contribute to the quark loops in the vector boson self-energies at the 2-loop level. For the light
quarks this QCD correction is already contained in the result for the hadronic vacuum polarization from the dispersion
integral, Eq. (93). Fermion loops involving the top quark get additional O(ααs) corrections which have been calculated
perturbatively [52]. The dominating term represents the QCD correction to the leading m2

t term of the ρ-parameter
and can be built in by writing instead of Eq. (105):

∆ρ = 3xt · [1 + xt ρ
(2) + δρQCD] (110)

The QCD term [50, 51] reads:

δρQCD = − αs(µ)

π
c1 +

(

αs(µ)

π

)2

c2(µ) (111)



with

c1 =
2

3

(

π2

3
+ 1

)

= 2.8599 (112)

and the recently calculated 3-loop coefficent [51]

c2 = −14.59 for µ = mt and 6 flavors (113)

with the on-shell top mass mt. It reduces the scale dependence of ρ significantly and hence is an important entry to
decrease the theoretical uncertainty of the standard model predictions for precision observables. As part of the higher
order irreducible contributions to ρ, the QCD correction is resummed together with the electroweak 2-loop irreducible
term as indicated in Eq. (104).

Beyond theGµm
2
tαs approximation through the ρ-parameter, the complete O(ααs) corrections to the self energies

are available from perturbative calculations [52] and by means of dispersion relations [53]. All the higher order terms
contribute with the same positive sign to ∆r, thus making the top mass dependence of ∆r significantly flatter. This
is of high importance for the indirect determination of mt from MW measurements, which is affected by the order of
10 GeV. Quite recently, also non-leading terms to ∆r of the type

∆r(bt) = 3xt

(αs
π

)2
(

a1
M2
Z

m2
t

+ a2
M4
Z

m4
t

)

have been computed [54]. For mt = 180 GeV they contribute an extra term of +0.0001 to ∆r and thus are within the
uncertainty from ∆α.

(iv) Non-leading higher order terms:

The modification of Eq. (104) by placing (∆r)remainder into the denominator

1

1 − ∆r
→ 1

(1 − ∆α) · (1 +
c2

W

s2
W

∆ρ) − (∆r)remainder
(114)

correctly incorporates the non-leading higher order terms containing mass singularities of the type α2 log(MZ/mf )
[55]

The treatment of the higher order reducible terms in Eq. (114) can be further refined by performing in (∆r)remainder
the following substitution

α

s2W
→

√
2

π
GµM

2
W (1 − ∆α) (115)

in the expansion parameter of the combination

(

δM2
Z

M2
Z

− δM2
W

M2
W

)

− ∆ρ

after cancellation of the UV singularity in the combination (89) or in the MS scheme with µ = MZ . This is discussed
in [56] and is equivalent to the method described in [24] as well as to the recipe given at the end of ref. [47]. Numerically
this modification is not of significance for a top quark not heavier than 200 GeV.

The refined treatment of the non-leading reducible higher order terms can be considered as an improvement
only in case that the 2-loop irreducible non-leading terms are essentially smaller in size. Irreducible contributions of
the type G2

µm
2
tM

2
Z are unknown, and one has to rely on the assumption that the suppression by 1/NC relative to the

2-loop reducible term is not compensated by a large coefficient. For bosonic 2-loop terms reducible and irreducible
contributions are a priori of the same size and one does not gain from resumming 1-loop terms. In order to be on the
safe side, the differences caused by the summation of non-leading reducible terms should be considered as a theoretical
uncertainty at the level of 1-loop calculations improved by higher order leading terms. (see section 7.5).



mt MH = 65 100 300 1000
150 80.265 80.242 80.168 80.073
160 80.324 80.300 80.226 80.129
170 80.385 80.361 80.285 80.188
180 80.449 80.424 80.347 80.249
190 80.515 80.491 80.412 80.312
200 80.585 80.559 80.479 80.376

Table 1: The W mass MW as predicted by the Standard Model for MZ = 91.1884 GeV and various top and Higgs
masses, based on Eq. (113). αs = 0.123. All masses are in GeV.

5.4 Predictions and experimental data
The correlation of the electroweak parameters, complete at the one-loop level and with the proper incorporation of
the leading higher order effects, is given by the following equation:

M2
W

(

1 − M2
W

M2
Z

)

=
πα√
2Gµ

· 1

(1 − ∆α) · (1 +
c2

W

s2
W

∆ρ) − (∆r)remainder

≡ πα√
2Gµ

· 1

1 − ∆r
. (116)

The term ∆r in Eq. (116) is an effective quantity beyond the 1-loop order, introduced to obtain the formal analogy
to the naively resummed first order result in Eq. (103). ∆ρ includes the 2-loop irreducible electroweak and QCD
corrections to the ρ-parameter according to Eq. (110). The correlation (113) allows us to predict a value for the W
mass after the other parameters have been specified. These predicted values for MW are put together in table 1 for
various Higgs and top masses. The present experimental value for the W mass from the combined UA2, CDF and D0
results [7] is

M exp
W = 80.26 ± 0.16 GeV . (117)

We can define the quantity ∆r also as a physical observable by

∆r = 1 − πα√
2Gµ

1

M2
W

(

1 − M2
W

M2
Z

) . (118)

Experimentally, it is determined by MZ and the ratio MW /MZ . Theoretically, it can be computed from MZ , Gµ, α
after specifying the masses MH ,mt by solving Eq. (113). Both electroweak and QCD higher order effects yield a
positive shift to ∆r and thus diminish the slope of the first order dependence on mt for large top masses. The effect
on ∆r coming from the modified ρ(2) in Eq. (107) is an additional weakening of the sensitivity to mt for large Higgs
masses.

The theoretical prediction for ∆r for various Higgs and top masses is displayed in Figure 1.
For comparison with data, the experimental 1σ limits from the direct measurements of MZ = 91.1884 at LEP

[6] and MW in pp̄, Eq. (117), are indicated. The constraints on the top mass obtained from these results completely
coincide with the direct mt measurement at the Tevatron of mt = 180 ± 12 GeV [8]. The present experimental
error does not allow a sensitivity to the Higgs mass. Precision measurements of MW at LEP 200 will pin down the
error to δ∆r = 0.0024 The expected precision in the determination of ∆r matches the size of (∆r)remainder and thus
will provide some sensitivity also to the Higgs mass. For virtual Higgs effects, however, the observables from the Z
resonance are more suitable.

5.5 Input from neutrino scattering
The quantity s2W resp. the ratio MW /MZ can indirectly be measured in the class of low enery experiments comprising
neutrino-quark, neutrino-electron, and electron-quark scattering. The two most precise informations come from the
NC/CC neutrino-nucleon cross section ratios [57]. For an isoscalar target these ratios do not depend on the nucleon



mt=GeV
�r

220200180160140

0.080.070.060.050.040.030.020.010-0.01
Figure 1: ∆r for MH = 65 GeV (dotted) and MH = 1 TeV (solid), with experimental ±1σ ranges.

structure [58]:

Rν =
σνNC
σνCC

=

(

MW

MZ

)4 1 − 2s2W + 10
9 (1 + r)s4W

2(1 − s2W )2

Rν̄ =
σν̄NC
σν̄CC

=

(

MW

MZ

)4 1 − 2s2W + 10
9 (1 + 1

r )s
4
W

2(1 − s2W )2
(119)

with r = σνCC/σ
ν̄
CC ≃ 0.4.

The second factor in Rν has a very weak dependence on s2W . Hence, measurements ofRν can directly be converted
into values for MW /MZ . This principal feature remains valid also after the incorporation of radiative corrections in
Eq. (119). Besides the QED corrections, vertex corrections and box diagrams which do not depend on mt, MH , the
dominant effect ∼ m2

t can simply be embedded in Eq. (119) by replacing

s2W → s2W + c2W∆ρ

with ∆ρ from Eq. (82). This is obvious from the expansion (86) together with Eq. (82). Since an increase in mt is
equivalent to a slight shift in s2W , the relation between Rν and (MW /MZ)4 is affected only marginally. This explains
qualitatively the stability of MW /MZ against variations of mt when extracted from Rν .

The present world average on s2W from the experiments CCFR, CDHS and CHARM [57]

s2W = 1 −M2
W /M

2
Z = 0.2253± 0.0047 (120)



is fully consistent with the direct vector boson mass measurements and with the standard theory.

The mixing angle which is measured in (anti)neutrino - electron scattering has a meaning different from the
quantity s2W in Eq. (120). It is much closer to the effective mixing angle determined at the Z peak and will be dealt
with in the context of the Z boson observables in section 8.3.

6 Renormalization schemes
Before one can make predictions from the theory, a set of independent parameters has to be determined from exper-
iment. This can either be done for the bare quantities or for renormalized parameters which have a simple physical
interpretation. In a more restrictive sense, a renormalization scheme characterizes a specific choice of experimental
data points to be used as input defining the basic parameters of the Lagrangian in terms of which the perturbative
calculation of physical amplitudes is performed.

Predictions for the relations between physical quantities do not depend on the choice of a specific renormalization
scheme if we perform the calculation to all orders in the perturbative expansion. Practical calculations, however, are
obtained from truncated perturbation series, making the predictions depend on the chosen set of basic parameters and
thus leading to a scheme dependence.

Differences between various schemes are formally of higher order than the one under consideration. The study
of the scheme dependence of the perturbative results, after improvement by resumming the leading terms, allows us
to estimate the missing higher order contributions.

Parametrizations or ‘renormalization schemes’ frequently used in electroweak calculations are:

1. the on-shell (OS) scheme with
α, MW , MZ , mf , MH

2. the Gµ scheme with the basic parameters

α, Gµ, MZ , mf , MH

3. the low energy scheme with the mixing angle as a basic parameter defined in neutrino-electron scattering:

α, Gµ, sin2 θνe, mf , MH

4. the ∗ scheme where the bare parameters e0, G
0
µ, s

2
0 are eliminated and replaced in terms of dressed running

(k2-dependent) parameters
e2∗(k

2), Gµ∗(k
2), s2∗(k

2); mf , MH

5. the MS-scheme.

In the following we give some details on the MS scheme.

The modified minimal subtraction scheme (MS-scheme) [28, 29, 30, 31] is one of the simplest ways to obtain
finite 1-loop expressions by performing the substitution

2

ǫ
− γ + log 4π + logµ2 → logµ2

MS

in the divergent parts of the loop integrals, Eq. (68). Formally, the MS self energies and vertex corrections are obtained
by splitting the bare masses and couplings into MS parameters and counter terms

M2
0 = M̂2 + δM̂2, e0 = ê+ δê, (121)

where the counter terms together with field renormalization constants

1 + δẐi

are defined in such a way that they absorb the singular parts proportional to

∆ =
2

ǫ
− γ + log 4π .



As a consequence, self energies and vertex corrections in the MS-scheme depend on the arbitrary scale µ.

Perturbative calculations start from the Lagrangian with the formal MS parameters

L(ê, M̂W , M̂Z, . . .).

The MS parameters fulfill the same relations as the corresponding bare parameters. In particular, the mixing angle
in the MS-scheme, denoted by ŝ2, can be expressed in terms of the MS masses of W and Z in the following way:

ŝ2 = 1 − M̂2
W

M̂2
Z

. (122)

The relation of the MS parameters to the conventional OS-parameters is obtained by calculating the dressed vector
boson propagators and the dressed electron-photon vertex in the Thomson limit in the MS-scheme and identifying
the poles with the OS masses and the electromagnetic coupling with the classical charge.

• The MS charge:

The MS analogon of the OS charge renormalization condition Eq. (49) reads:

ê

[

1 − 1

2
Πγ

MS
(0) +

ŝ

ĉ

ΣγZ
MS

(0)

M̂2
Z

]

= e. (123)

The l.h.s. is the coupling constant of the dressed electromagnetic vertex in the Thomson limit which has to be identified
with the classical charge.

The MS self energies in Eq. (123) read explicititly:

Πγ

MS
(0) =

ê2

16π2
Aγ(0),

Aγ(0) =
4

3

∑

f

Q2
f log

µ2

m2
f

+ 3 log
M2
W

µ2
− 2

3
,

ŝ

ĉ

ΣγZ
MS

(0)

M̂2
Z

= − ê2

8π2
log

M2
W

µ2
. (124)

A natural scale for electroweak physics is given by µ = MZ . Hence, the correlation between e and ê involves large
logarithms from the light fermions which can be resummed according to the RGE (101). The bosonic terms are small.
Resummation leads to the relation

e2 =
ê2

1 + ê2

16π2

[

Aγ(0) + 4 log
M2

W

µ2

] . (125)

Inverting this equation yields the MS charge expressed in terms of the OS charge

ê2 =
e2

1 − e2

16π2

[

Aγ(0) + 4 log
M2

W

µ2

] . (126)

Choosing µ = MZ we can evaluate the expression in (126) to obtain the MS fine structure constant at the Z mass
scale

α̂ =
α

1 − ∆α̂
(127)

with the value

∆α̂ = 0.0682± 0.0007 − 8α

9π
log

mt

MZ
+

α

2π

(

7

2
log c2W − 1

3

)

. (128)

The first term is due to the light fermions. It can be obtained from the quantity in Eq. (96) by adding the constant
term

α

π

(

5

3
+

55

27
(1 +

αs
π

)

)

.



The uncertainty in Eq. (128) is the hadronic uncertainty of ∆α in Eq. (96).

α̂ has to be distinguished from the effective charge at the Z scale introduced in Eq. (109) which contains only
the light fermion contributions. A heavy top quark decouples in ∆α according to Eq. (91), but does not decouple in
∆α̂. Numerically one finds

(α̂)−1 = 128.08 ± 0.02 ± 0.09 (129)

for mt = 180 ± 12 GeV.

• The MS mixing angle:

The MS mass parameters M̂2
W , M̂

2
Z enter the corresponding transverse propagators together with the self energies as

follows (V = W,Z):

DV =
1

k2 − M̂2
V + ΣV

MS
(k2)

(130)

The OS-masses fulfill the pole conditions

M2
V − M̂2

V + ReΣV
MS

(M2
V ) = 0 (131)

yielding M̂2
V expressed in terms of the OS-masses:

M̂2
V = M2

V + ReΣV
MS

(M2
V ). (132)

The mass parameters M̂2
V are µ-dependent. We can choose µ = MZ as the natural scale for electroweak calaculations,

as done also for α̂.

The self energies ΣMS are obtained from the expressions given in section 4.3 by dropping everywhere the singular
term ∆ and substituting

e→ ê, sW → ŝ, cW → ĉ

in the couplings, with ĉ2 = 1 − ŝ2. It is convenient to remove the overall normalization factors and to write for the
real parts:

Re ΣW
MS

=
ê2

ŝ2
AW (k2),

Re ΣZ
MS

=
ê2

ŝ2ĉ2
AZ(k2). (133)

The mixing angle ŝ2 in the MS-scheme, defined in Eq. (122), can be related to the OS mixing angle s2W = 1−M2
W/M

2
Z

by substituting M̂2
W,Z from Eq. (132), yielding

ŝ2 = s2W + c2W XMS , ĉ2 = c2W (1 −XMS) (134)

with

XMS =
ê2

ŝ2

(

AW (M2
W )

M2
W

− AZ(M2
Z)

ĉ2M2
Z

)(

1 − ê2

ŝ2
AZ(M2

Z)

ĉ2M2
Z

)−1

. (135)

Making use of the property

XMS =
ê2

ŝ2
AW (M2

W )

M2
W

− (1 −XMS)
ê2

ŝ2
AZ(M2

Z)

ĉ2M2
Z

the relation (132) can simplified:

ŝ2 = s2W +
ê2

ŝ2
AZ(M2

Z) −AW (M2
W )

M2
Z

. (136)

The leading 2-loop irreducible contributions are incorporated by adding in (136) the extra term c2W ∆ρ(2) with ∆ρ(2)

from Eq. (110).



Eq. (136) determines ŝ2 in terms of the OS parameters. ê2 has to be taken from Eq. (126) or (127), respectively,
for µ = MZ . Numerically it is very close to the effective leptonic mixing angle at the Z peak.

One can obtain ŝ2 also in a more direct way from the experimental data points α,Gµ,MZ , without passing first
through the OS-calculation, by deriving the effective Fermi constant in the MS-scheme

Gµ√
2

=
ê2

8 ŝ2ĉ2ρ̂M2
Z

· 1

1 − ∆r̂
(137)

where

∆r̂ =
ê2

ŝ2
AW (0) −AW (M2

W )

M2
W

+ δ̂V B,

δ̂V B =
α̂

4πŝ2

[

6 +
7 − 5s2W + ŝ2(3c2W /ĉ

2 − 10)

2s2W
log c2W

]

, (138)

together with

M2
W = ĉ2ρ̂M2

Z ,

ρ̂ =
1

1 −XMS

. (139)

For given parameters α,Gµ,MZ,mt,MH the solution of this set of equations yields the quantities ŝ2, ρ̂ together with
MW . ∆r̂ is a small correction and has only a mild dependence on the top and Higgs masses.

The term δ̂V B in ∆r̂ is the vertex and box correction to the muon decay amplitude in the MS-scheme [30]. The
given expression refers to a mixed MS - on-shell calculation of the loop diagrams where MS-couplings are used but
on-shell masses in the propagators. Numerically the differences to the corresponding expression exclusively with MS
parameters is insignificant (< 3 · 10−4). The main difference to the on-shell quantity δV B in Eq. (137) (besides the
parametrization) is the extra additive term

− α̂

π
log c2W ≡ − α̂

π
log

M2
W

µ2
for µ = MZ

arising from the UV singularity in the sum of the diagrams.

The MS quantities α̂, ŝ2 are formal parameters which have no simple relation to physical quantities. The interest
in these parameters is based on two important features:

• They are universal, i.e. process independent, and take into account the universal large effects from fermion loops.
Expressing the NC coupling constants (see section 7.1) for the Zff vertices in terms of α̂, ŝ2 yields a good
approximation to the complete results (148):

√
2GµM

2
Z ρf =

ê2

4 ŝ2ĉ2
(1 + δρ̂f ),

s2f = ŝ2 + δŝ2f . (140)

The flavor dependent residual corrections δρ̂f and δŝ2f are small and practically independent of mt and MH . An
exception is the Zbb vertex, where also non-universal large top terms are present [59].

• The knowledge of the values for α̂ and ŝ2 at the Z scale allows the extrapolation of the SU(2) and U(1) couplings

α̂1(µ
2) =

α̂(µ2)

ĉ2(µ2)
, α̂2(µ

2) =
α̂(µ2)

ŝ2(µ2)
(141)

to large mass scales and, together with the strong coupling constant αs(µ
2) in the MS-scheme, to test scenarios

of Grand Unification. In particular the minimal SU(5) model of Grand Unfication predicts with α and αs as input
[60]:

ŝ2SU(5)(M
2
Z) = 0.2102+0.0037

−0.0031

which is in disagreement with the experimental result (table 7). Supersymmetric models of Grand Unification,
however, are in favor [60, 61].



7 Z physics in electron-positron annihilation
The measurement of the Z mass from the Z line shape at LEP provides us with an additional precise input parameter
besides α and Gµ. Other observable quantities from the Z peak, like total and partial decay widths, asymmetries,
τ -polarization, allow us to perform precision tests of the theory by comparison with the theoretical predictions.

In lowest order, the Z observables are completely fixed in terms of α, Gµ, MZ applying the rules and relations
of section 2 to compute the Born γ and Z exchange diagrams. Since 1-loop terms are of the order α/π and typically
enhanced by factors ∼ logM2

Z/m
2
f or ∼ m2

t/M
2
Z , the size α/π = 0.0023 in view of experimental precisions of a few

10−3 immediately signals the need for dressing the Born amplitudes by next order contributions.

7.1 Amplitudes and effective couplings
A gauge invariant subset of the 1-loop diagrams to e+e− → f f̄ are the QED corrections: The sum of the virtual photon
loop graphs is UV finite but IR (= infra-red) divergent because of the massless photon. The IR-divergence is cancelled
by adding the cross section with real photon bremsstrahlung (after integrating over the phase space for experimentally
invisible photons) which always accompanies a realistic scattering process. Since the phase space for invisible photons
is a detector dependent quantity the QED corrections cannot in general be separated from the experimental device.

Our discussion will concentrate on the residual set of 1-loop diagrams, the non-QED or weak corrections. This
class is free of IR-singularities but sensitive to the details beyond the lowest order amplitudes. The UV-singular terms
associated with the loop diagrams are cancelled by our counterterms of section 3 as a consequence of renormalizability.
The 1-loop amplitude for e+e− → f f̄ contains the sum of the individual contributions to the self-energies and vertex
corrections (including the external fermion self-energies via wave function renormalization). The essential steps for
getting the total amplitude finite are: expressing the tree diagrams in terms of the bare parameters e0, M

0 2
Z , s0 2

W

expanding the bare quantities according to Eq. (46,86), and inserting the counterterms given by Eq. (48) and (49).
After some lengthy calculations the total amplitude around the Z pole can be cast into a form close to the lowest
order amplitude

A(e+e− → f f̄ → f f̄) = Aγ +AZ + (box)

as the sum of a dressed photon and a dressed Z exchange amplitude plus the contribution from the box diagrams
which are numerically not significant around the peak (relative contribution< 10−4). For theoretical consistency (gauge
invariance) they have to be retained; for practical purposes they can be neglected in Z physics. Resummation of the
iterated self-energy insertions in the photon and Z propagators brings the finite Z decay width into the denominator,
and treats the higher order leading terms in the proper way. Since the leading terms arise from fermion loops only,
we do not have problems with gauge invariance; the bosonic loop terms have to be understood as expanded to strict
1-loop order. Numerically their resummation does not yield significant differences but allows a simple and compact
notation.

Dressed photon amplitude:

The dressed photon exchange amplitude, with (pe+ + pe−)2,

Aγ =
e2

1 + Π̂γ(s)
· QeQf

s
· [(1 + F γeV )γµ − F γeA γµγ5] ⊗

[

(1 + F γfV )γµ − F γfA γµγ5

]

. (142)

contains Π̂γ as the γ self-energy subtracted at s = 0. Writing it in the denominator takes into account the resummation
of the leading log’s from the light fermions, around the Z given by

Π̂γ
ferm(s) = −0.0593− 40α

18π
log

s

M2
Z

± 0.0007 + i
α

3

∑

f 6=t

Q2
fN

f
C . (143)

The form factors FV,A(s) arise from the vertex correction diagrams together with the external fermion self-energies.

They vanish for real photons: F γe,fV,A (0) = 0. The typical size of the various corrections is (real parts):

Π̂γ(M2
Z) = −0.06

F γeV (M2
Z) ≃ F γeA (M2

Z) ≃ 10−3 .

For the region around the Z peak, the photon vertex form factors are negligibly small.



Dressed Z amplitude and effective neutral current couplings:

More important is the weak dressing of the Z exchange amplitude. Without the box diagrams the corrections factorize
and we obtain a result quite close to the Born amplitude:

AZ =
√

2GµM
2
Z(ρeρf )

1/2 · (144)

· [γµ(I
e
3 − 2Qes

2
Wκe) − Ie3γµγ5] ⊗ [γµ(If3 − 2Qfs

2
Wκf ) − If3 γ

µγ5]

s−M2
Z + i s

M2
Z

·MZΓZ
.

The weak corrections appear in terms of fermion-dependent form factors ρ and κ in the coupling constants and in the
width in the denominator.

The s-dependence of the imaginary part is due to the s-dependence of ImΣZ ; the linearization is completely
sufficient in the resonance region. We postpone the discussion of the Z width for the moment and continue with the
form factors.

The form factors ρ and κ in Eq. (144) have universal parts (i.e. independent of the fermion species) and non-
universal parts which explicitly depend on the type of the external fermions. The universal parts arise from the
counterterms and the boson self-energies, the non-universal parts from the vertex corrections and the fermion self-
energies in the external lines:

ρe,f = 1 + (∆ρ)univ + (∆ρ)non−univ (145)

κe,f = 1 + (∆κ)univ + (∆κ)non−univ .

In their leading terms the universal contributions are given by

(∆ρ)univ = ∆ρ+ · · · (146)

(∆κ)univ =
c2W
s2W

∆ρ+ · · ·

with ∆ρ from Eq. (82). For incorporating the next order leading terms one has to perform the substitutions .

ρe,f = 1 + ∆ρ+ · · · → 1

1 − ∆ρ
+ · · ·

κe,f = 1 +
c2W
sW

∆ρ+ · · · → 1 +
c2W
sW

∆ρ+ · · ·

with ∆ρ from Eq. (110).

The leading structure of the universal parts can easily be understood from the bare amplitude with the counter
term expansion

e20
4s0 2
W c0 2

W

=
e2

4s2W c
2
W

[

1 + 2
δe

e
− c2W − s2W

s2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

)]

=
√

2GµM
2
Z

[

1 +
δM2

Z

M2
Z

− δM2
W

M2
W

+ · · ·
]

and
δM2

Z

M2
Z

− δM2
W

M2
W

= ∆ρ+ · · ·

in the quadratic mt-term. Thereby, Gµ was introduced by means of Eq. (87) together with the expression (98) for ∆r.
In a similar way one finds from Eq. (86):

s0 2
W = s2W

[

1 +
c2W
s2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

)]

= s2W

[

1 +
c2W
s2W

∆ρ+ · · ·
]

recovering (∆κ)univ .



The factorized Z amplitude allows us to define NC vertices at the Z resonance with effective coupling constants gfV,A,
synonymously to the use of ρf , κf :

JNCµ =
(√

2GµM
2
Zρf

)1/2 [

(If3 − 2Qfs
2
Wκf )γµ − If3 γµγ5

]

=
(√

2GµM
2
Z

)1/2

[gfV γµ − gfA γµγ5] . (147)

The complete expressions for the effective couplings read as follows:

gfV =

[

vf + 2sW cW Qf
Π̂γZ(M2

Z)

1 + Π̂γ(M2
Z)

+ FZfV

](

1 − ∆r

1 + Π̂Z(M2
Z)

)1/2

,

gfA =
[

af + FZfA

]

(

1 − ∆r

1 + Π̂Z(M2
Z)

)1/2

. (148)

The building blocks are the following finite combinations of 2-point functions, besides ∆r in Eq. (89), evaluated at
s = M2

Z :

Π̂Z(s) =
Re ΣZ(s) − δM2

Z

s−M2
Z

− Πγ(0) +
c2W − s2W
s2W

(

δM2
Z

M2
Z

− δM2
W

M2
W

− 2
sW
cW

ΣγZ(0)

M2
Z

)

Π̂γZ(s) =
ΣγZ(s) − ΣγZ(0)

s
− cW
sW

(

δM2
Z

M2
Z

− δM2
W

M2
W

)

+ 2
ΣγZ(0)

M2
Z

(149)

and the finite vector and axial vector form factors FV,A at s = M2
Z from the vertex corrections together with the

external fermion wave function renormalizations

i
e

2sW cW

{

γµF
Zf
V (s) − γµγ5F

Zf
A (s) + If3 γµ(1 − γ5) ·

cW
sW

ΣγZ(0)

M2
Z

}

,

after splitting off the singular part ∼ ΣγZ(0). Due to the imaginary parts of the self energies and vertices, the form
factors and the effective couplings, respectively, are complex quantities. The approximation, where the couplings are
taken as real, is called the “improved Born approximation”.

The Zbb couplings:

The separation of a universal part in the effective couplings is sensible for two reasons: for the light fermions (f 6= b, t)
the non-universal contributions are small, and (practically) independent of the unknown parameters mt,MH which
enter only the universal part. This is, however, not true for the b-quark where also the non-universal parts have a
strong dependence on mt [59] resulting from the virtual top quark in the vertex corrections. The difference between
the d and b couplings can be parametrized in the following way

ρb = ρd(1 + τ)2, s2b = s2d(1 + τ)−1 (150)

with the quantity
τ = ∆τ (1) + ∆τ (2) + ∆τ (αs)

calculated perturbatively, at the present level comprising: the complete 1-loop order term [59] with xt from Eq. (105):

∆τ (1) = −2xt −
GµM

2
Z

6π2
√

2
(c2W + 1) log

mt

MW
+ · · · , (151)

the leading electroweak 2-loop contribution of O(G2
µm

4
t ) [49, 62]

∆τ (2) = −2 x2
t τ

(2) , (152)

where τ (2) is a function of MH/mt with τ (2) = 9 − π2/3 for MH ≪ mt; the QCD corrections to the leading term of
O(αsGµm

2
t ) [63]

∆τ (αs) = 2 xt ·
αs
π

· π
2

3
, (153)



and the O(αs) correction to the logmt/MW term in (151), with a numerically very small coefficient [64].
For MH > 2mt a good approximation for the 2-loop coefficient τ (2) is given by the asymptotic expression [49]

with r = (mt/MH)2:

τ (2) =
1

144

[

311 + 24π2 + 282 log r + 90 log2 r

−4r(40 + 6π2 + 15 log r + 18 log2 r)

+
3r2

100
(24209 − 6000π2 − 45420 log r − 18000 log2 r)

]

(154)

Effective mixing angles:

mt[GeV]
sin2 � e

220200180160140

0.2350.2340.2330.2320.2310.230.2290.2280.2270.226
Figure 2: sin2 θe for MH = 65 GeV (lower line) and MH = 1 TeV (upper line). Also shown are the experimental data
(±1σ ranges) for mt and s2e (LEP/SLC average). The dotted curve includes only the fermionic loop effects via ∆α
and ∆ρ.

Due to the imaginary parts of the self energies and vertices, the form factors and the effective couplings, respectively,
are complex quantities. We can define effective mixing angles according to

s2f := sin2 θf = s2W Reκf =
1

4 | Qf |

(

1 − Re gfV

Re gfA

)

. (155)



mt MH = 65 100 300 1000
150 0.2319 0.2321 0.2327 0.2334
160 0.2316 0.2318 0.2324 0.2331
170 0.2313 0.2315 0.2321 0.2328
180 0.2310 0.2312 0.2318 0.2325
190 0.2306 0.2308 0.2314 0.2322
200 0.2303 0.2305 0.2311 0.2318

Table 2: The effective on-resonance mixing angle s2e for electrons as predicted by the Standard Model forMZ = 91.1884
GeV and various top and Higgs masses (in GeV). αs = 0.123.

from the effective coupling constants in (148). They are of particular interest since they determine the on-resonance
asymmetries, which will be discussed later in section 7.4. Compared to s2W , the on-resonance couplings are less sensitive
to mt than the W mass.

In table 2 we put together the Standard Model predictions for the leptonic (electron) mixing angle s2e for various
values of mt and MH . For the light quarks, the corresponding s2q are very close to the leptonic values (-0.0001 for u,
-0.0002 for d quarks). Signficantly different is only s2b : +0.0014 for mt = 180 GeV. Figure 2 displays the compatibilty
of s2e with the data.

7.2 The Z line shape
The integrated cross section σ(s) for e+e− → f f̄ around the Z resonance with unpolarized beams is obtained from the
formulae of the previous section in a straight forward way, expressed in terms of the effective vector and axial vector
coupling constants. It is, however, convenient to rewrite σ(s) in terms of the Z width and the partial widths Γe, Γf
in order to have a more model independent parametrization. The following form [65, 66] includes final state photon
radiation and QCD corrections in case of quark final states: 2

σ(s) =
12πΓeΓf

| s−M2
Z + iMZΓZ(s) |2

{

s

M2
Z

+Rf
s−M2

Z

M2
Z

+ If
ΓZ
MZ

+ · · ·
}

+
4π α(s)2

3s
Q2
fN

f
C KQCD (1 + δQED) (156)

with

ΓZ(s) = ΓZ

{

s

M2
Z

+ ǫ
s−M2

Z

M2
Z

+ · · ·
}

(157)

and Nf
C = 1 for leptons and = 3 for quarks. The QCD correction in case f = q is given in Eq. (172). The terms

Rf , If , ǫ are small quantities calculable in terms of the basic parameters. Rf and If describe the γ-Z interference
(improved Born approximation)

Rf =
2QeQfg

e
V g

f
V

[(geV )2 + (geA)2][(gfV )2 + (gfA)2]

4πα(s)√
2GµM2

Z

If =
2QeQfg

e
V g

f
V

[(geV )2 + (geA)2][(gfV )2 + (gfA)2]

4πα(s)√
2GµM2

Z

· s

M2
Z

Im Π̂γ , (158)

and the last term is the QED background from pure photon exchange with

α(s) =
α

1 + Re Π̂γ
ferm(s)

2Since initial state photon radiation is treated separately the QED correction factor in Eq. (170) has to be removed in Γe.



and Π̂γ
ferm from Eq. (143). The small correction

ǫ =
∑

f

ǫf , ǫf ≃
6m2

f

M2
Z

Γf
ΓZ

(gfA)2

(gfV )2 + (gfA)2

is due to finite fermion mass effects in the final states. If and ǫ have negligible influence on the line shape.

The s-dependent width gives rise to a dislocation of the peak maximum by ≃ −34 GeV [67, 68] The first term in
the expansion (156) is the pure Z resonance. It differs from a Breit-Wigner shape by the s-dependence of the width:

σres(s) = σ0
sΓ2

Z

(s−M2
Z)2 + s2Γ2

Z/M
2
Z

, σ0 =
12π

M2
Z

· ΓeΓf
Γ2
Z

. (159)

By means of the substitution [68]

s−M2
Z + isΓZ/MZ = (1 + iγ)(s− M̂2

Z + iM̂Z Γ̂Z) (160)

with

M̂Z = MZ(1 + γ2)−1/2, Γ̂Z = ΓZ(1 + γ2)−1/2, γ =
ΓZ
MZ

(161)

a Breit-Wigner resonance shape is recovered:

σres(s) = σ0
sΓ̂2

Z

(s− M̂2
Z)2 + M̂2

Z Γ̂2
Z

(162)

Numerically one finds: M̂Z −MZ ≃ −34 MeV, Γ̂Z − ΓZ ≃ −1 MeV. σ0 is not changed. M̂Z corresponds to the real
part of the S-matrix pole of the Z-resonance [69].

QED corrections:

The observed cross section is the result of convoluting Eq. (156) with the initial state QED corrections consisting of
virtual photon and real photon bremsstrahlung contributions:

σobs(s) =

∫ kmax

0

dkH(k)σ(s(1 − k)) . (163)

kmax denotes a cut to the radiated energy. Kinematically it is limited by 1 − 4m2
f/s or 1 − 4m2

π/s for hadrons,
respectively. For the required accuracy, multi-photon radiation has to be included. The radiator function H(k) with
soft-photon resummation and the exact O(α2) result [70] for initial state QED corrections is given by [65]

The QED corrections have two major impacts on the line shape:

• a reduction of the peak height of the resonance cross section by

σpeakobs ≃ σpeakres

(

ΓZ
MZ

)

(1 + δV+S
1 ) ≃ 0.74 σpeakres , (164)

• a shift in the peak position compared to the non-radiative cross section by [71]

∆
√
smax =

βπ

8
ΓZ (165)

resulting in the relation between the peak position and the nominal Z mass:

∆
√
smax ≃ MZ +

βπ

8
ΓZ − Γ2

Z

4MZ

≃ 89 MeV . (166)



It is important to note that, to high accuracy, these effects are practically universal, depending only on MZ and ΓZ
as parameters. This allows a model independent determination of these parameters from the measured line shape.

A final remark concerns the QED corrections resulting from the interference between initial and final state
radiation. They are not included in the treatment above, but they can be added in O(α) since they are small anyway.
For not too tight cuts, as it is the case for practical applications, these interference corrections to the line shape are
negligible and we do not list them here.

From line shape measurements one obtains the parameters MZ , ΓZ , σ0 or the partial widths, respectively.
Whereas MZ is used as a precise input parameter, together with α and Gµ, the width and partial widths allow
comparisons with the predictions of the Standard Model to be discussed next.

7.3 Z widths and partial widths
The total Z width ΓZ can be calculated as the sum over the partial decay widths

ΓZ =
∑

f

Γf + · · · , Γf = Γ(Z → f f̄) , (167)

where the ellipses indicate other decay channels which, however, are not significant. The fermionic partial widths,
when expressed in terms of the effective coupling constants defined in section 7.1, read:

Γf = Γ0

√

1 −
4m2

f

M2
Z

[

| gfV |2
(

1 +
2m2

f

M2
Z

)

+ | gfA |2
(

1 −
4m2

f

M2
Z

)]

· (1 + δQED)

+ ∆ΓfQCD (168)

≃ Γ0

[

| gfV |2 + | gfA |2
(

1 −
6m2

f

M2
Z

)]

· (1 + δQED) + ∆ΓfQCD

with

Γ0 = Nf
C

√
2GµM

3
Z

12π
. (169)

The photonic QED correction

δQED = Q2
f

3α

4π
(170)

is very small, maximum 0.17% for charged leptons.

The QCD correction for hadronic final states is given by

∆ΓfQCD = Γ0

[

| gfV |2 + | gfA |2
]

·KQCD (171)

with [72]

KQCD =
αs
π

+ 1.41
(αs
π

)2

− 12.8
(αs
π

)3

−
Q2
f

4

ααs
π2

(172)

for the light quarks with mq ≃ 0.

For b quarks the QCD corrections are different due to finite b mass terms and to top quark dependent 2-loop
diagrams for the axial part [73]:

∆ΓbQCD = Γ0

[

| gbV |2 + | gbA |2
]

·KQCD

+Γ0 | gbV |2 ·12m2
b

M2
Z

[

αs
π

+
(αs
π

)2

(6.07 − 2ℓ)

+
(αs
π

)3

(2.38 − 24.29ℓ+ 0.083ℓ2)

]

+Γ0 | gbA |2 ·6m
2
b

M2
Z

[

αs
π

(2ℓ− 1) +
(αs
π

)2

(17.96 + 14.14ℓ− 0.083ℓ2)

]

+Γ0 | gbA |2 ·1
3

(αs
π

)2

I(M2
Z/4m

2
t ) (173)



mt MH Γν Γe Γu Γd Γb Γhad Γtot Rhad

150 60 166.9 83.84 299.4 382.4 376.8 1740.2 2492.2 20.76
300 166.8 83.74 298.7 381.7 376.1 1736.8 2488.2 20.74

1000 166.6 83.60 298.0 380.9 375.3 1732.9 2483.3 20.73
175 60 167.3 84.06 300.6 383.5 376.1 1744.1 2497.9 20.75

300 167.2 83.95 299.9 382.7 375.4 1740.6 2493.7 20.73
1000 166.9 83.81 299.1 381.9 374.6 1736.6 2488.6 20.72

200 60 167.7 84.32 301.9 384.8 375.4 1748.6 2504.5 20.74
300 167.6 84.20 301.1 384.0 374.7 1744.9 2499.9 20.72

1000 167.3 84.05 300.3 383.1 373.8 1740.7 2494.6 20.71

Table 3: Partial and total Z widths in MeV for various top and Higgs masses (in GeV). αs = 0.125. Not listed are the
values for Γτ = 0.9977 Γe and Γc which are very close to Γu.

with

ℓ = log
M2
Z

m2
b

and
I(x) ≃ −9.250 + 1.037x+ 0.632x2 + 6 log(2

√
x) .

The finite b-mass terms contribute +2 MeV to the partial Z width into b quarks. Moreover, the top mass dependent
correction at the 2-loop level yields an additional, but negative, contribution. For large mt this top-dependent term
cancels part of the positive and constant correction resulting from mb 6= 0 in O(αs).

Radiation of secondary fermions through photons from the primary final state fermions can yield another sizeable
contribution to the partial Z widths which, however, is compensated by the corresponding virtual contribution through
the dressed photon propagator in the final state vertex correction. For this compensation it is essential that the analysis
is inclusive enough, i.e. the cut to the invariant mass of the secondary fermions is sufficiently large [74].

In table 3 the Standard Model predictions for the various partial widths and the total width of the Z boson are
collected. They include all the electroweak, QED and QCD corrections discussed above. Of particular interest are the
following ratios of partial widths

Rhad =
Γhad
Γe

, Rb =
Γb

Γhad
, Rc =

Γc
Γhad

. (174)

7.4 Asymmetries
7.4.1 Left-right asymmetry

The left-right asymmetry is defined as the ratio

ALR =
σL − σR
σL + σR

(175)

where σL(R) denotes the integrated cross section for left (right) handed electrons. ALR, in case of lepton universality,
is equal to the final state polarization in τ -pair production:

Aτpol = ALR . (176)

The on-resonance asymmetry (s = M2
Z) in the improved Born approximation is given by

ALR(M2
Z) = Ae + ∆AILR + ∆AQLR (177)



f Ae ∆AILR ∆AQLR

µ 0.1511 0.0002 -0.0009

τ 0.1511 0.0002 -0.0009

c 0.1511 0.0005 -0.0003

b 0.1511 0.0004 -0.0001

Table 4: Contributions to the on-resonance left-right asymmetry for various final state fermions. sin2 θe = 0.2314.

where the combination

Ae =
2geV g

e
A

(geV )2 + (geA)2
=

2(1 − 4 sin2 θe)

1 + (1 − 4 sin2 θe)2
(178)

depends only on the effective mixing angle Eq. (155) for the electron. The small contributions from the interference
with the photon exchange

∆AILR =
2QeQf g

e
Ag

f
V

(ge 2
V + ge 2

A ) (gf 2
V + gf 2

A )

4πα(M2
Z)√

2GµM2
Z

· ΓZ
MZ

· Im Π̂γ (179)

and from the pure photon exchange part

∆AQLR = −
AeQ

2
eQ

2
f

(ge 2
V + ge 2

A ) (gf 2
V + gf 2

A )

(

4πα(M2
Z)√

2GµM2
Z

)2
(

ΓZ
MZ

)2

. (180)

are listed in table 4 for the various final state fermions. Except from lepton final states, they are negligibly small. Mass
effects from final fermions practically cancel. The same holds for QCD corrections in the case of quark final states,
final state QED corrections, and QED corrections from the interference of initial-final state photon radiation. Initial
state QED corrections can be treated in complete analogy to Eq. (163) applied to σL,R(s). Their net effect in the
asymmetry is also very small and practically independent of cuts [75, 76]. ALR thus represents a unique laboratory
for testing the non-QED part of the electroweak theory. Measurements of ALR are essentially measurements of sin2 θe
or of the ratio geV /g

e
A.

7.4.2 Forward-backward asymmetries

The forward-backward asymmetry is defined by

AFB =
σF − σB
σF + σB

(181)

with

σF =

∫

θ>π/2

dΩ
dσ

dΩ
, σB =

∫

θ<π/2

dΩ
dσ

dΩ
. (182)

For the on-resonance asymmetry (s = M2
Z) we get in the improved Born approximation:

AFB(M2
Z) =

3

4
·AeAf

(

1 − 4µf + 6µf
(gfA)2

(gfV )2 + (gfA)2

)

+ ∆AIFB + ∆AQFB . (183)

Af is defined as

Af =
2gfV g

f
A

(gfV )2 + (gfA)2
=

2(1 − 4 | Qf | s2f )
1 + (1 − 4 | Qf | s2f )2

(184)



f 3
4AeAf mass correction ∆AIFB ∆AQFB

µ 0.0171 < 10−6 0.0018 -0.0001

τ 0.0171 1.3 · 10−5 0.0018 -0.0001

c 0.0758 2.5 · 10−5 0.0011 -0.0002

b 0.1061 1.5 · 10−5 0.0004 −5 · 10−5

Table 5: On-resonance forward-backward asymmetries for s2f = 0.2314.

with the short-hand notation for the effective mixing angle in Eq. (155):

s2f ≡ sin2 θf .

The small contributions ∆AI,QFB result from the the interference with the photon exchange

∆AIFB =
3

4

2QeQf g
e
Ag

f
A

(ge 2
V + ge 2

A ) (gf 2
V + gf 2

A )

4πα(M2
Z)√

2GµM2
Z

· ΓZ
MZ

· Im Π̂γ (185)

and from the pure photon exchange part:

∆AQFB = − 3

4

AeAf Q
2
eQ

2
f

(ge 2
V + ge 2

A ) (gf 2
V + gf 2

A )

(

4πα(M2
Z)√

2GµM2
Z

)2
(

ΓZ
MZ

)2

. (186)

The on-resonance asymmetries are essentially determined by the values of the effective mixing angles for e and f
entering the product AeAf . Through s2e,f also the dependence of the asymmetries on the basic Standard Model
parameters mt,MH is fixed. The small corrections from finite mass effects, interference and photon exchange can be
considered practically independent of the details of the model. For demonstrational purpose we list in table 5 the
various terms in the on-resonance asymmetries according to Eq. (183) for a common value of the effective mixing angle
s2e = s2f = 0.2314.

Final state QED corrections:

According to the representation of AFB as the ratio of the antisymmetric to the symmetric part of the cross section,
the effects can be summmarized as follows:

If no cuts are applied, only the symmetric part
σ = σF + σB

gets a correction:

σ → σ ·
(

1 +
3α

4π
Q2
f

)

(187)

whereas [77, 78]
δ(σF − σB) = 0 . (188)

This results in a correction to the asymmetry

AFB → AFB ·
(

1 − 3α

4π
Q2
f

)

(189)

which is a very small negative contribution (< 0.17 % relative to AFB).



QCD corrections:

Quite in analogy, for the QCD single gluon emission [79, 80] the following correction to the asymmetry for quark final
states with mq → 0 arises:

AFB → AFB ·
(

1 − αs
π

)

. (190)

For massive quarks, the QCD final state corrections can be included by multiplying the purely electroweak asymmetry
by a factor

1 − αs
π

∆q . (191)

The coefficient ∆q is, to a very good approximation (1%) for the known quarks given by [81]

∆q = 1 − 16

3

mq

MZ
+ · · · (192)

which yields

∆q =















1 for u, d-quarks
1 − 0.02 for s-quarks
1 − 0.07 for c-quarks
1 − 0.21 for b-quarks

(193)

with ms = 500 MeV, mc = 1.5 GeV, mb = 4.5 GeV. The exact formulae are given in the report “Heavy Quarks” [83].

Initial state QED corrections:

As we know from the integrated cross section, the initial state corrections give rise to a significant reduction of the
peak height which is due to the rapid variation of σ(s) with the energy. Since the asymmetry AFB(s) is a steeply
increasing function around the Z the energy loss from initial-state radiation s → s′ < s leads to a reduction in the
asymmetry as well:

AFB(s′) < AFB(s) .

Quantitatively, the O(α) correction to AFB for muons close to the peak δAFB ≃ −0.02 is of the order of the on-
resonance asymmetry itself. Therefore it is obvious that also the higher order QED contributions have to be taken
into account carefully.

We can express the initial state QED corrections to AFB in a compact form, quite in analogy to the convolution
integral for the integrated cross section σ(s) in Eq. (163):

AFB(s) =
1

σ(s)

∫ kmax

0

dk
4(1 − k)

(2 − k)2
H̃(k)σFB(s′) , kmax ≤ 1 −

4m2
f

s
. (194)

The basic ingredients are the expression for the non-radiative antisymmetric cross section are

σFB(s) = σF (s) − σB(s)

and the radiator function H̃(k). The quantity

s′ = (1 − k) s = (pf + pf̄ )
2

is the invariant mass of the outgoing fermion pair. The effect of the change in the scattering angle by the boost from
the f f̄−cms to the laboratory frame is taken into account by the kinematical factor in front of H̃ in the convolution
integral.

H̃ is different from the radiator function H for the symmetric cross section in Eq. (163) in the hard photon
terms. According to the present status of the calculation, H̃ contains the exact O(α) contribution [77, 78, 84], the
O(α2) contributions in the leading-log approximation [85], and the resummation of soft photons to all orders [82].

The behaviour of AFB under initial state QED corrections is qualitatively similar to that of the integrated cross
section where the higher order QED contributions bring the prediction closer to the lowest order result compared to
the O(α) corrections.



The QED corrections from the interference of initial-final state radiation are very small (| δAFB |< 0.001) if
no tight cuts to the photon phase space are applied. More restrictive cuts make the interference contributions to
AFB important exceeding the level of 0.01 (for muons) when the photon is restricted to energies below 1 GeV [82].
The complete set of QED corrections is available in (semi-) analytic form, exact in O(α) and with leading higher
order terms, also for situations with cuts, covering: energy or invariant mass cuts, accollinearity cuts, acceptance cuts
[84, 86, 87, 88] showing agreement within 0.2%.

7.5 Uncertainties of the Standard Model predictions
In order to establish in a significant manner possibly small effects from unknown physics we have to know the uncer-
tainties of our theoretical predictions which have to be confronted with the experiments.

The sources of uncertainties in theoretical predictions are the following:

• the experimental errors of the parameters used as an input. With the choice α, Gµ, and MZ from LEP we can
keep these errors as small as possible. The errors from this source are then determined by δMZ since the errors
of α and Gµ are negligibly small. For any of the mixing angles with s2W , ŝ

2, s2f

δs2

s2
=

2 c2

c2 − s2
δMZ

MZ
(195)

one finds
δs2 ≃ 2 · 10−5 .

• the uncertainties from quark loop contributions to the radiative corrections . Here, we have to distinguish two
cases: the uncertainties from the light quark contributions to ∆α and the uncertainties from the heavy quark
contributions to ∆ρ. In both cases the uncertainties are due to strong interaction effects, which are not sufficiently
under control theoretically. The problems are due to:
(i) the QCD parameters. The scale of αs and the definition and scale of quark masses to be used in the calculation
of a particular quantity are quite ambiguous in many cases.
(ii) the bad convergence and/or breakdown of perturbative QCD. In particular at low q2 and in the resonance
regions theoretically poorly known nonperturbative effects are non-negligible.

The theoretical problems with the hadronic contributions of the 5 known light quarks to ∆α can be circumvented
by using the experimental e+e−-annihilation cross-section σtot(e

+e− → γ∗ → hadrons). The error [40]

δ(∆α) = ±0.0007

is dominated by the large experimental errors in σtot(e
+e− → γ∗ → hadrons) and can be improved only by

more precise measurements of hadron production in e+e−-annihilation at energies well below MZ . The present
uncertainty leads to an error in the W -mass prediction

δMW

MW
=

s2W
c2W − s2W

δ(∆r)

2(1 − ∆r)

of δMW = 13 MeV and δ sin2 θ = 0.00023 in the prediction of the various weak mixing parameters s2W , ŝ
2, s2f .

This matches with the present (and even more the future) experimental precision in the electroweak mixing angle.

• The uncertainties from the QCD contributions, besides the 3 MeV in the hadronic Z width from δαs = 0.006,
can essentially be traced back to those in the top quark loops for the ρ-parameter. They can be combined into
the following errors [89], which have improved due to the recently available 3-loop result:

δ(∆ρ) ≃ 1.5 · 10−4, δs2ℓ ≃ 0.0001

for mt = 174 GeV, and slightly larger for heavier top.

• the uncertainties from omission of higher order effects. The size of unknown higher order contributions can be
estimated by different treatments of non-leading terms of higher order in the implementation of radiative correc-
tions in electroweak observables (‘options’) and by investigations of the scheme dependence. Explicit comparisons
between the results of 5 different computer codes based on on-shell and MS calculations for the Z resonance
observables are documented in the “Electroweak Working Group Report” [90] in ref. [91] (see also [92]). The



typical size of the genuine electroweak uncertainties is of the order 0.1%. The following table 6 shows the uncer-
tainty in a selected set of precision observables. In particular for the very precise s2e the theoretical uncertainty
is still remarkable. Improvements of the accuracy displayed in table 6 require systematic electroweak and QCD-
electroweak 2-loop calculations. As an example for the importance of electroweak non-leading 2-loop effects, an
explicit calculation of these terms has been performed for ρ (the overall normalization) in neutrino scattering [93]:
they are sizeable and comparable to the O(G2

µm
4
t ) term. Hence, one should take the registered uncertainties also

for the Z region very seriously.

Observable O ∆cO ∆gO

MW (GeV) 4.5 × 10−3 1.6 × 10−2

Γe (MeV) 1.3 × 10−2 3.1 × 10−2

ΓZ (MeV) 0.2 1.4
s2e 5.5 × 10−5 1.4 × 10−4

s2b 5.0 × 10−5 1.5 × 10−4

Rhad 4.0 × 10−3 9.0 × 10−3

Rb 6.5 × 10−5 1.7 × 10−4

Rc 2.0 × 10−5 4.5 × 10−5

σhad0 (nb) 7.0 × 10−3 8.5 × 10−3

AlFB 9.3 × 10−5 2.2 × 10−4

AbFB 3.0 × 10−4 7.4 × 10−4

AcFB 2.3 × 10−4 5.7 × 10−4

ALR 4.2 × 10−4 8.7 × 10−4

Table 6: Largest half-differences among central values (∆c) and among maximal and minimal predictions (∆g) for
mt = 175 GeV, 60 GeV < MH < 1 TeV and αs(M

2
Z) = 0.125 (from ref. [90])



observable exp. (1995) Standard Model prediction

MZ (GeV) 91.1884± 0.0022 input
ΓZ (GeV) 2.4963± 0.0032 2.4976± 0.0077± 0.0033

σhad0 (nb) 41.4882± 0.078 41.457± 0.011 ± 0.076
Γhad/Γe 20.788± 0.032 20.771± 0.019 ± 0.038
Γinv (MeV) 499.9 ± 2.5 501.6 ± 1.1
Γb/Γhad = Rb 0.2219± 0.0017 0.2155± 0.0004
Γc/Γhad = Rc 0.1540± 0.0074 0.1723± 0.0002
Ab 0.841 ± 0.053 0.9346± 0.0006
ρℓ 1.0044± 0.0016 1.0050± 0.0023
s2ℓ (LEP) 0.23186± 0.00034 0.2317± 0.0012
s2e(ALR) 0.23049± 0.00050 0.2317± 0.0012
LEP+SLC 0.23143± 0.00028
MW (GeV) 80.26 ± 0.16 80.36± 0.18

Table 7: Precision observables: experimental results and standard model predictions.

8 Standard model and precision data

8.1 Standard model predictions versus data
In table 7 the Standard Model predictions for Z pole observables and the W mass are put together. The first error
corresponds to the variation of mt in the observed range (1) and 60 < MH < 1000 GeV. The second error is the
hadronic uncertainty from αs = 0.123 ± 0.006, as measured by QCD observables at the Z [94]. The recent combined
LEP results [6] on the Z resonance parameters, under the assumption of lepton universality, are also shown in table
1, together with s2e from the left-right asymmetry at the SLC [95]. The quantities ρℓ, s

2
ℓ are the leptonic NC coupling

normalization and mixing angle, assumed to be universal.
The value for the leptonic mixing angle from the left-right asymmetry ALR has come closer to the LEP result,

but due to its smaller error the deviation from the cumulative LEP average is still about 3σ.

Significant deviations from the Standard Model predictions are observed in the ratios Rb = Γb/Γhad and Rc =
Γc/Γhad. The theoretical predictions are practically independent of MH and αs and only sensitive to mt. The
experimental values, together with the top mass from the Tevatron, are compatible with the Standard Model at a
confidence level of less than 1% (see Figure 3), enough to claim a deviation from the Standard Model. The other
precision observables are in perfect agreement with the Standard Model. Note that the experimental value for ρℓ
exhibits the presence of genuine electroweak corrections by nearly 3 standard deviations. The importance of bosonic
corrections is visible for s2e, Figure 2.

8.2 Standard model fits
Assuming the validity of the Standard Model a global fit to all electroweak results from LEP, SLD, pp̄ and νN
constrains the parameters mt, αs as follows: [6]

mt = 178 ± 8+17
−20 GeV, αs = 0.123 ± 0.004± 0.002 (196)

with MH = 300 GeV for the central value. The second error is from the variation of MH between 60 GeV and 1 TeV.
The fit results include the uncertainties of the Standard Model calculations.

The W mass prediction in table 7 is obtained by Eq. (116) from MZ , Gµ, α and MH ,mt. The indirect determi-
nation of the W mass from LEP/SLD data,

MW = 80.359± 0.055+0.013
−0.024 GeV ,

is in best agreement with the direct measurement (see table 7). Moreover, the value obtained for αs at MZ coincides
with the one measured from others than electroweak observables at the Z peak [94].
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Figure 3: Contours in the Rb-Rc plane derived from LEP data, corresponding to 68%, 95% and 99.7% confidence level
assuming Gaussian systematic errors. The short line with the arrow is the Standard Model prediction formt = 180±12
GeV. The arrow points in the direction of increasing values of mt (from ref. [6]).

8.3 Neutrino - electron scattering
The cross section for µ-neutrino electron scattering and the electroweak mixing angle measured by the CHARM II
Collaboration [96] agree with the standard model values:

σ(νe)/Eν = 16.51 ± 0.93) · 10−42cm2GeV −1

(SM : 17.23 · 10−42 )

sin2θνe = 0.2324 ± 0.0083 . (197)

The mixing angle is determined from the ratio

Rνe =
σ(νµe)

σ(ν̄µe)
=

1 + (1 − 4 sin2θνe) + (1 − 4 sin2θνe)
2

1 − (1 − 4 sin2θνe) + (1 − 4 sin2θνe)2

It coincides with the result on s2ℓ from the Z, table 7, as expected by the theory. The major loop contributions in the
difference, the different scales and the neutrino charge radius, largely cancel each other by numerical coincidence [97].

8.4 The Higgs boson
The minimal model with a single scalar doublet is the simplest way to implement the electroweak symmetry breaking.
The experimental result that the ρ-parameter is very close to unity is a natural feature of models with doublets and



singlets. In the standard model, the mass MH of the Higgs boson appears as the only additional parameter beyond
the vector boson and fermion masses. MH cannot be predicted but has to taken from experiment. The present lower
limit (95% C.L.) from the search at LEP is 65.2 GeV [98].

Indirect determinations of the Higgs mass can be obtained from the precsion data. The main Higgs dependence
of the electroweak predictions is only logarithmic in the Higgs mass. Hence, the sensitivity of the data to MH is not
very pronounced. Using the Tevatron value for mt as an additional experimental constraint, the electroweak fit to all
data yields MH < 650 GeV with approximately 95% C.L. [6], as shown in Figure 4 (see also [99] for similar results).
These indirect mass bounds depend sensitively on small changes in the input data, and their reliability suffers at
present from averaging data points which fluctuate by several standard deviations. As a general feature, it appears
that the data prefer light Higgs bosons.

mH   [GeV]

∆χ
2

including Rb,Rc

excluding Rb,Rc

LEP+mt

Preliminary

0

2

4

6

10 10
2

10
3

Figure 4: ∆χ2 = χ2 − χ2
min vs mH curves. Continuous line: based on all LEP, SLD, pp̄ and νN data; dashed line:

as before, but excluding the LEP+SLD measurements of Rb and Rc; dotted line: LEP data including measurements of
Rb and Rc. In all cases, the direct measurement of mt at the TEVATRON is included. (From [6])

There are also theoretical constraints on the Higgs mass from vacuum stability and from absence of a Landau
pole [100] as illustrated in Figure 5, and from lattice calculations [101].

A recent calculation of the decay width for H → W+W−, ZZ in the large MH limit in 2-loop order [102] has
shown that the 2-loop contribution exceeds the 1-loop term in size (same sign) for MH > 930 GeV. The requirement
of applicability of perturbation theory therefore puts a stringent upper limit on the Higgs mass.

Higgs boson searches at LEP2 require precise predictions for the Higgs production and decay signatures together
with detailed background studies. For a recent report see [103].

9 Beyond the minimal model
We want to conclude with an outlook on renormalizable generalizations of the minimal model and their effect on
electroweak observables. Extended models can be classified in terms of the following categories:

(i) extensions within the minimal gauge group SU(2)×U(1) with ρtree = 1

(ii) extensions within SU(2)×U(1) with ρtree 6= 1



Figure 5: Strong interaction and stability bounds on the SM Higgs boson mass. Λ denotes the energy scale where the
particles become strongly interacting (from [103]).

(iii) extensions with larger gauge groups SU(2)×U(1)×G and respective extra gauge bosons.

Extensions of the class (i) are, for example, models with additional (sequential) fermion doublets, more Higgs doublets,
and the minimal supersymmetric version of the Standard Model.

9.1 Generalization of self energy corrections
If “new physics” would be present in form of new particles which couple to the gauge bosons but not directly to the
external fermions in a 4-fermion process, only the self energies are affected. In order to have a description which is as
far as possible independent of the special type of extra heavy particles, it is convenient to introduce a parametrization
of the radiative corrections from the vector boson self-energies in terms of the static ρ-parameter

∆ρ(0) =
ΣZZ(0)

M2
Z

− ΣWW (0)

M2
W

− 2
sW
cW

ΣγZ(0)

M2
Z

(198)

and the combinations

∆1 =
1

sW
Π3γ(M2

Z) − Π33(M2
Z)

∆2 = Π33(M2
Z) − ΠWW (M2

W )

∆α = Πγγ(0) − Πγγ(M2
Z) . (199)

The quantities in Eq. (199) are the isospin components of the self-energies

ΣγZ = − 1

sW

(

Σ3γ − s2WΣγγ
)

ΣZZ =
1

s2W

(

Σ33 − 2sWΣ3γ + s2WΣγγ
)

(200)

in the expansions

Re Σij(k2) = Σij(0) + k2Πij(k2) . (201)

The ∆-notation above has been introduced in [104]. Several other conventions are used in the literature, for example:



• The S, T, U parameters of [105] are related to (199) by

S =
4s2W
α

∆1, T =
1

α
∆ρ(0), U =

4s2W
α

∆2, (202)

• the ǫ-parameters of [106] by
ǫ1 = ∆ρ, ǫ2 = −∆2, ǫ3 = ∆1, (203)

• the h-parameters of [107] by

hV =
1

α
∆ρ(0), hAZ =

4π√
2GµM2

W

∆1, hAW = hAZ +
4π√

2GµM2
W

∆2, (204)

• and the parameters of [109] by

∆ρ(0) =
1

4
√

2Gµ
∆ρ, ∆3 = − 1

4
√

2Gµc2W
∆1, ∆± = c2W∆3 −

1

4
√

2Gµ
∆2. (205)

Further literature can be found in [110]. The combinations (196) of self energies contribute in a universal way to
the electroweak parameters (the residual corrections not from self-energies are dropped since they are identical to the
Standard Model ones):

1. the MW −MZ correlation in terms of ∆r:

∆r = ∆α− c2W
s2W

∆ρ(0) − c2W − s2W
s2W

∆2 + 2∆1 (206)

2. the normalization of the NC couplings at M2
Z

∆ρf = ∆ρ(0) + ∆Z (207)

where the extra quantity

∆Z = M2
Z

dΠZZ

dk2
(M2

Z)

in (207) is from the residue of the Z propagator at the peak. Heavy particles decouple from ∆Z .

3. the effective mixing angles

s2f = (1 + ∆κ′) s̃2, s̃2 =
1

2

(

1 −
√

1 − 4πα(M2
Z)√

2GµM2
Z

)

, (208)

with

∆κ′ = − c2W
c2W − s2W

∆ρ(0) +
∆1

c2W − s2W
. (209)

The finite combinations of self energies (198) and (199) are of practical interest since they can be extracted from
precision data in a fairly model independent way. An experimental observable particular sensitive to ∆1 is the weak
charge QW which determines the atomic parity violation in Cesium [108]

QW = −73.20± 0.13 − 0.82∆ρ(0)− 102∆1 (210)

being almost independent of ∆ρ(0).

The theoretical interest in the ∆’s is based on their selective sensitivity to different kinds of new physics.

• ∆α gets contributions only from light charged particles whereas heavy objects decouple.



• ∆ρ(0) is a measure of the violation of the custodial SU(2) symmetry. It is sensitive to particles with large mass
splittings in multiplets. As an example, we have already encountered fermion doublets with different masses. An-
other example are the Higgs bosons of a 2-Higgs doublet model [114, 115, 116, 117] with massesMH+ ,Mh,MH ,MA

and mixing angles β, α for the charged H± and the neutral h0, H0, A0 Higgs bosons, yielding

∆ρ(0) =
Gµ

8π2
√

2

[

sin2(α− β)F (M2
H+ ,M2

A,M
2
H)

+ cos2(α − β)F (M2
H+ ,M2

A,M
2
h)
]

(211)

with
F (x, y, z) = x+

yz

y − z
log

y

z
− xy

x− y
log

x

y
− xz

x− z
log

x

z
.

For either MH+ ≫Mneutral or vice versa one finds a positive contribution

∆ρ(0) ≃ GµM
2
H+

8π2
√

2
or

GµM
2
neutral

8π2
√

2
> 0 . (212)

Also a negative contribution

∆ρ(0) < 0 for Mh,H < MH+ < MA and MA < MH+ < Mh,H

is possible in the unconstrained 2-doublet model.

• ∆1 is sensitive to chiral symmetry breaking by masses. In particular, a doublet of mass degenerate heavy fermions
yields a contribution

∆1 = Nf
C

GµM
2
W

12π2
√

2
, (213)

whereas the contribution of degenerate heavy fermions to ∆ρ(0) is zero. Hence, ∆1 can directly count the number
Ndeg of mass degenerate fermion doublets:

∆f
1 = 4.5 · 10−4 ·Ndeg.

∆1 also gets sizeable contributions from models with a large number of additional fermions like in technicolor
models. For example, ∆1 ≃ 0.017 for NTC = 4 and one family of technifermions [105, 111].

• A further quantity ǫb has been introduced [112] in order to parametrize specific non-universal left handed contri-
butions to the Zbb vertex via

gbA = gdA(1 + ǫb), gbV /g
b
A = (1 − 4

3
s2d + ǫb) (1 + ǫb)

−1 . (214)

Phenomenologically, the ǫi are parameters which can be determined experimentally from the electroweak precision
data. An updated analysis [113] on the basis of the recent electroweak results yields for ǫb the value

ǫb = 9.9 ± 4.5 (SM : −6.6)

The large difference to the standard model value is an another way of visualizing the deviation between the measured
and predicted number for the ratio Rb (table 7).

9.2 Models with ρtree 6= 1
One of the basic relations of the minimal Standard Model is the tree level correlation between the vector boson masses
and the electroweak mixing angle

ρtree =
M2
W

M2
Z cos2 θW

= 1 .

Many extensions of the minimal model, like those discussed in the previous section, preserve this feature.

The formulation of the electroweak theory in terms of a local gauge theory requires at least a single scalar doublet
for breaking the electroweak symmetry SU(2)×U(1) → U(1)em. In contrast to the fermion and vector boson part, very
little is known empirically about the scalar sector. Without the assumption of minimality, quite a lot of options are



at our disposal, including more complicated multiplets of Higgs fields. In general models the tree level ρ-parameter
ρtree = ρ0 is determined by

ρ0 =

∑

i v
2
i [Ii(Ii + 1) − I2

3i]

2
∑

i v
2
i I

2
3i

where vi, I3i are the vacuum expectation values and third isospin component of the neutral component of the i-th
Higgs multiplet in the representation with isospin Ii. The presence of at least a triplet of Higgs fields gives rise to
ρ0 6= 1. As a consequence, the tree level relations between the electroweak parameters have to be generalized according
to

sin2 θW → s2θ = 1 − M2
W

ρ0M2
Z

(215)

and
Gµ√

2
=

e2

8s2θM
2
W

=
e2

8s2θc
2
θρ0M2

Z

(216)

Writing ρ0 = (1 − ∆ρ0)
−1, we obtain for the mixing angle:

s2θ = 1 − M2
W

M2
Z

+
M2
W

M2
Z

∆ρ ≡ s2W + c2W∆ρ0 , (217)

for the overall normalization factor in the NC vertex:

e

2sθcθ
=
(√

2GµM
2
Zρ0

)1/2

, (218)

and for the MW −MZ interdependence:

M2
W

(

1 − M2
W

ρ0M2
Z

)

=
e2

4
√

2Gµ
, (219)

in complete analogy to what we have found from the top quark loops.

At the level of radiative corrections, a small ∆ρ0 may be included by

∆r → ∆r − c2W
s2W

∆ρ0 (220)

for the MW -MZ correlation, and
ρf → ρf + ∆ρ0, s2f → s2f + c2W∆ρ0 (221)

for the normalization and the effective mixing angles of the Zff couplings.

A complete discussion of radiative corrections requires not only the calculation of the extra loop diagrams from
the non-standard Higgs sector but also an extension of the renormalization procedure [13, 118]. Since MW ,MZ and
sin2 θW (or ρ0, eqivalently) are now independent parameters, one extra renormalization condition is required. A natural
condition would be to define the mixing angle for electrons s2e in terms of the ratio of the dressed coupling constants
at the Z peak

geV
geA

=: 1 − 4s2e

which is measureable in terms of the left-right or the forward-backward asymmetries. This fixes the counter term for
s2e by

δs2e
s2e

=
ce
se

ReΣγZ(M2
Z)

M2
Z

+
ce
se

ΣγZ(0)

M2
Z

+ ∆κe (222)

with the finite part ∆κe of the electron-Z vertex correction. The counter terms for the other parameters α,MZ are
treated as usual. With this input, we obtain a renormalized ρ-parameter and the corresponding counter term for the
bare ρ-parameter ρb0 = ρ+ δρ as follows:

ρ =
M2
W

M2
Zc

2
e

,

δρ

ρ
=

δM2
W

M2
W

− δM2
Z

M2
Z

+
δs2e
c2e

. (223)

Other derived quantities are:



• The relation between MW and Gµ:

M2
W =

πα√
2Gµs2e

· 1

1 − ∆r
(224)

with

∆r =
ΣW (0) − δM2

W

M2
W

+ Πγ(0) − δs2e
s2e

+ 2
ce
se

ΣγZ(0)

M2
Z

+ δV B . (225)

• The normalization of the Zff couplings at 1-loop:

e2

4s2ec
2
e

[

1 + Πγ(0) − c2e − s2e
c2e

δs2e
s2e

+ 2
c2e − s2e
cese

ΣγZ(0)

M2
Z

+ ∆ρf

]

(226)

=
√

2GµM
2
Zρ

[

1 − ΣW (0) − δM2
W

M2
W

+
δs2e
c2e

− 2
se
ce

ΣγZ(0)

M2
Z

− δV B + ∆ρf

]

where ∆ρf denotes the finite part of the Zff vertex correction.

• The effective mixing angles of the Zff couplings:

s2f = s2e (1 − ∆κe + ∆κf ).

These relations predict the Z boson couplings, MW and ρ in terms of the data points α,Gµ,MZ , s
2
e. By this pro-

cedure, the m2
t -dependence of the self energy corrections to theoretical predictions is absorbed into the renormalized

ρ-parameter, leaving a ∼ logmt/MZ term as an observable effect. For the Zbb-vertex, an additional m2
t dependence is

found in the non-universal vertex corrections ∆ρb and ∆κb. This makes observables containing this vertex the most
sensitive top indicators in the class of models with ρtree 6= 1.

In the minimal Standard Model, the quantity equivalent to (223) can be calculated in terms of the data points
α,Gµ,MZ and the parameters mt,MH . With the experimental constraints from MW and the Z boson observables
one obtains

ρSM = 1.0103± 0.0015 . (227)

In the extended model we can get a value for ρ from directly using the data on M2
W and s2e = 0.23186 ± 0.00034

yielding
ρ = 1.0085± 0.0040 . (228)

The difference ρ− ρSM can be interpreted as a measure for a deviating tree level structure. The data imply that it is
compatible with zero.

In a specific model one can calculate the value for ρ from

ρ =
πα√

2GµM2
Zs

2
ec

2
e

· 1

1 − ∆r
(229)

in terms of the input data α,Gµ,MZ , s
2
e together with mt and the parameters of the Higgs sector. Such a complete

calculation has been performed for a model with an extra Higgs triplet, involving one extra neutral and a pair of
charged Higgs bosons [119]. Figure 6 shows that the model predictions coincide in the aerea of the experimental data
points on mt and ρ from Eq. (228).

9.3 Extra Z bosons
The existence of additional vector bosons is predicted by GUT models based on groups bigger than SU(5), like E6 and
SO(10), by models with symmetry breaking in terms of a strongly interacting sector, and composite scenarios. Typical
examples of extended gauge symmetries are the SU(2) × U(1) × U(1)χ,ψ,η models following from E6 unification, or
LR-symmetric models. In the following we consider only models with an extra U(1).

The mixing between the mathematical states Z0 of the minimal gauge group and Z ′
0 of an extra hypercharge form

the physical mass eigenstates Z, Z ′, where the lighter Z is identified with the resonance at LEP. The mass eigenstates
are obtained by a rotation

Z = cos θM Z0 + sin θM Z ′
0

Z ′ = − sin θM Z0 + cos θM Z ′
0 (230)
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Figure 6: The ρ parameter, Eq. (223), in the Standard Model (SM) and in a model with an extra Higgs triplet (TM).
The masses of the non-standard Higgs bosons of TM are put to 300 GeV. ρ(TM) is calculated from Eq. (229) with
the LEP input on s2e.

with a mixing angle θM related to the mass eigenvalues by

tan2 θM =
M2
Z0

−M2
Z

M2
Z′ −M2

Z0

, M2
Z0

= cos2 θM M2
Z + sin2 θM M2

Z′ . (231)

M2
Z0

denotes the nominal mass of Z0. In constrained models with the Higgs fields in doublets and singlets only, the
usual Standard Model relation holds

sin2 θW = 1 − M2
W

M2
Z0

between the masses and the mixing angle in the Lagrangian

LNC =
g2

cos θW
JµZ0

Zµ0 + g′ JµZ′

0

Z
′ µ
0 (232)

with
JµZ0

= JµL − sin2 θW Jµem .

It is convenient to introduce the quantity

s2W = 1 − M2
W

M2
Z

, c2W = 1 − s2W (233)

with the physical mass of the lower eigenstate. For small mixing angles θM we have the following relation:

sin2 θW = s2W + c2W∆ρZ′ (234)

with

∆ρZ′ = sin2 θM

(

M2
Z′

M2
Z

− 1

)

. (235)



The W mass is obtained from
M2
W =

πα√
2Gµ sin2 θW (1 − ∆r)

after the substitution (237):

M2
W =

M2
Z

2

(

1 +

√

1 − πα√
2GµM2

ZρZ′ (1 − ∆r)

)

(236)

with ρZ′ = (1 − ∆ρZ′)−1. Formally, ρZ′ appears as a non-standard tree level ρ-parameter. In all present practical
applications the radiative correction ∆r was approximated by the standard model correction.

The mass mixing has two implications for the NC couplings of the Z boson:

• ∆ρZ′ contributes to the overall normalization by a factor

ρ
1/2
Z′ ≃ 1 +

1

2
∆ρZ′

and to the mixing angle by a shift
s2W → s2W + c2W∆ρZ′ .

Both effects are universal, parametrized by MZ′ and the mixing angle θM in a model independent way,

• A non-universal contribution is present as the second term in the vertex

(Zff) = cos θM (Z0ff) + sin θM (Z ′
0ff)

≃ (Z0ff) + θM (Z ′
0ff) .

It depends on the classification of the fermions under the extra hypercharge and is strongly model dependent.

Complete 1-loop calculations are not available as yet. The present standard approach consists in the implementation
of the standard model corrections to the Z0 parts of the coupling constants in terms of the form factors ρf for the
normalization and κf for the effective mixing angles

s2W → s2f = κfs
2
W .

In this approach the effective Zff vector and axial vector couplings read:

vfZ =
[√

2GµM
2
Zρf (1 + ∆ρZ′)

]1/2 [

If3 − 2Qf(κfs
2
W + c2W∆ρZ′)

]

+ sin θM vfZ′

0

,

afZ =
[√

2GµM
2
Zρf

]1/2

If3 + sin θM afZ′

0

. (237)

The quantities afZ′

0

vfZ′

0

denote the extra U(1) couplings between the fermion f and the Z ′
0.

From an analysis of the electroweak precision data the mixing angle is constrained typically to | θM |< 0.01, not
very much dependent on the specification of the model [120, 121].

Quite recently, models with an extra Z ′ have received new attention in order to explain the observed deviations
from the standard model in Rb and Rc by a ‘hadrophilic’ coupling to quarks only [122].

9.4 New physics in Rb?
If the observed difference between the measured and calculated values of Rb is explained by a non-standard contribution
∆Γb to the partial width Γ(Z → bb̄), then also other hadronic quantities like ΓZ , Rhad, . . . are increased unless the
value of αs is reduced simultaneously. Including the new physics ∆Γb as an extra free parameter in the fit yields the
values [6]:

αs = 0.102 ± 0.008, ∆Γb = 11.7 ± 3.8 ± 1.4MeV .

The top mass is affected only marginally, shifting the central value by +3 GeV, but the impact on αs is remarkable.



9.5 The minimal supersymmetric standard model (MSSM):
The MSSM deserves a special discussion as the most predictive framework beyond the minimal model. Its structure
allows a similarly complete calculation of the electroweak precision observables as in the standard model in terms of
one Higgs mass (usually taken as MA) and tanβ = v2/v1, together with the set of SUSY soft breaking parameters
fixing the chargino/neutralino and scalar fermion sectors. It has been known since quite some time [123] that light
non-standard Higgs bosons as well as light stop and charginos predict larger values for the ratio Rb and thus diminish
the observed difference [124, 126, 127, 128]. Complete 1-loop calculations are meanwhile available for ∆r [125] and for
the Z boson observables [126, 127, 128].

Figure 7 displays the range of predictions for MW in the minimal model and in the MSSM. Thereby it is assumed
that no direct discovery has been at LEP2. As one can see, precise determinations of MW and mt can become decisive
for the separation between the models.

The range of predictions for ∆r and the Z boson observables in the MSSM is visualized in Figure 8 (between the
solid lines) together with the standard model predictions (between the dashed lines) and with the present experimental
data (dark area). tanβ is thereby varied between 1 and 70, the other parameters are restricted according to the mass
bounds from the direct search for non-standard particles at LEP I and the Tevatron. From a superficial inspection, one
might get the impression that the MSSM, due to its extended set of parameters, is more flexible to accomodate also
the critical observable Rb. A more detailed analysis shows, however, that those parameter values yielding a “good”
Rb are incompatible with other data points. An example is given in Figure 9: a light A boson together with a large
tanβ can cure Rb, but violates the other hadronic quantities and the efefctive leptonic mixing angle. Whereas the
hadronic quantities can be repaired (at least partially) by lowering the value of αs, the mixing angle and AbFB remain
off for small Higgs masses. Thus, even in the MSSM it is not possible to simultaneously find agreement with all the
individual precision data. The results of a global fit are discussed below.
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Figure 8: Range of precision observables in the standard model (- - -) and in the MSSM (—), and present experimental
data (dark area). The MSSM parameters are restricted by the mass bounds from direct searches at LEP I and Tevatron,
the dotted lines indicate the bounds to be expected from LEP II.



Figure 9: Precision observables as function of the pseudoscalar Higgs mass MA for tanβ = 0.7(· · ·), 1.5(· · ·), 8(− ·
− · −), 20(- - -), 70 (—–). mt = 174 GeV, αs = 0.123. ml̃ = 800 GeV, mq̃ = 500 GeV, µ = 100 GeV, M2 = 300 GeV.



The main results in view of the recent precision data are:
• Rc can hardly be moved towards the measured range.
• Rb can come closer to the measured value, in particular for light t̃R and light charginos.
• αs turns out to be smaller than in the minimal model because of the reasons explained in the beginning of this
section.
• There are strong constraints from the other precision observables which forbid parameter configurations shifting Rb
into the observed 1σ range.

For obtaining the optimized SUSY parameter set, therefore, a global fit to all the electroweak precision data
(including the top mass measurements) has to be performed, as done in refs. [127, 129]. Figure 10 displays the
experimental data normalized to the best fit results in the SM and MSSM, with the data from this conference [129].
For the SM, αs identified with the experimental number, therefore the corresponding result in Figure 6 is centered at
1. The most relevant conclusions are:
(i) The difference between the experimental and theoretical value of Rb is diminished by a factor ≃ 1/2,
(ii) the central value for the strong coupling is αs = 0.110 and thus is very close to the value obtained from deep
inelastic scattering,
(iii) the other observables are practically unchanged,
(iv) the χ2 of the fit is slightly better than in the minimal model.
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Figure 10: Experimental data normalized to the best fit results in the SM and MSSM.

10 Conclusions
The experimental data for testing the electroweak theory have achieved an impressive accuracy. For the interpretation
of the precision experiments radiative corrections, or quantum effects, play a crucial role. The calculation of radiative
corrections is theoretically well established, and many contributions have become available over the past few years
to improve and stabilize the Standard Model predictions. After taking the measured Z mass, besides α and Gµ, for
completion of the input, each other precision observable provides a test of the electroweak theory. The theoretical
predictions of the Standard Model depend on the mass of the recently discovered top quark and of the as yet ex-



perimentally unknown Higgs boson through the virtual presence of these particles in the loops. As a consequence,
precision data can be used to pin down the allowed range of the mass parameters, yielding mt in beautiful agreement
with the directly measured value.

Theoretical uncertainties in the Standard Model predictions have their origin essentially in the uncertainties of
the hadronic vacuum polarization of the photon and from the unknown higher order contributions. In order to reach a
theoretical accuracy at the level 0.1% or below, new experimental data on ∆α and more complete electroweak 2-loop
calculations are required. The observed deviations of several σ’s in Rb, Rc, ALR reduce the quality of the Standard
Model fits significantly, but the indirect determination of mt is remarkably stable. Still impressive is the perfect
agreement between theory and experiment for the whole set of the other precision observables. Supersymmetry can
improve the situtation due to an enhancement of Rb by new particles in the range of 100 GeV or even below, but it
is not possible to accomodate Rc. Within the MSSM analysis, the value for αs is close to the one from deep-inelastic
scattering.
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[116] A. Denner, R. Guth, J.H. Kühn, Phys. Lett. B240 (1990) 438

[117] A. Denner, R. Guth, W. Hollik, J.H. Kühn, Z. Phys. C51 (1991) 695
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